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one. The methods of the previous section of this chapter provide an
indication of the sample lengths required where non-time-varying systems
are tested with stationary inputs. TFor time-varying systems, the answers
will be of interest at one or more times during the run. The number of
runs required is determined by standard statistical methods.

5. SYSTEM DESIGN IN THE PRESENCE OF NOISE

Previous sections of this chapter have shown methods for deseribing a
random input or disturbance and methods for computing the response of
a system to these inputs. It remains then to establish procedures which
can be used to apply these methods to the design of control systems.
Unfortunately each problem is a little or greatly different from any general
case so that the designer must examine his problem and determine what
methods are adequate.

Mean Square Error Criteria. Practically all the work covered in this
section aims at minimizing the mean square error of the system. In some
cases restraints are placed upon the solution in an attempt to conform
more nearly to the practical situation. The lLimitations of this approach
are listed below.

1. The mean square error may not be the proper criteria. For instance,
in a gun fire control system the object is to maximize the probability of
destroying the target.

2. The data concerning the system inputs will seldom be exact enough
to warrant an extended analysis or to justify the system complexity re-
quired to realize the desired response.

3. The optimum design may be very sensitive to practical limitations of
the system, such as gain variations.

As a result, it is suggested that formal methods of optimum design are
good guides for a design but that more useful results are obtained by
starting with a conventional design and varying the parameters to mini-
mize the noise error as computed by formulas in Sect. 3 of this chapter
or by analog computers.

Optimum Design for Stationary Random Inputs. For the case
where the signal and the noise enter the system at the same point and are
both random and stationary and their cross-correlation is zero, the linear
filter giving the least mean square error is given by eq. (37) (Ref. 11):

(37 Gopilji) = ——22 ()
w) = ———""—""""""7_" W
P T aa) F Baw)
where ®,(w) = signal spectral density,
@, (w) = noise spectral density,
Ga(jw) = desired transfer function if noise was not present.
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The mean square error is given by eq. (38):

Feo qas(chbn(w) )
L2 [ S —— %) 2 w.
(38) 7emin f_w By(w) + Bn(w) |Ga(ge)

Unfortunately, Gopt(jw) will usually be physically unrealizable since
its impulse response will have values for ¢ < 0. The best physically real-
izable filter is derived from eq. (37) as follows. Consider a filter made up
of two filters in cascade as in Fig. 9. The input spectral density

Signal
G G >
ngfse ! 2 [ Fittered output

F1a. 9. Optimum filter broken into two series filters.

[®7(w) = By(w) + Pp(w)] is split into two functions ®;"(w) and &; (w)
where T contains all the poles and zeros in the upper half-plane and &;~
contains all the poles and zeros of the lower half-plane. Then G;(w) is
given by eq. (39):

(39) G1(jw) = 1/2r(w);
for example, if
: 2
(40) ' ‘Ps(w) = m)
(41) P, (w) = K2
Then the input spectral density is
an(wz + b2) Ks2 .
(42) &r(w) = ——w2_-|——_a2— ) b = K2 + af,
and
a 4 jw 1
. 0 = () (&)
(43) 1(Jw) = {5 WAV

The transfer funetion of Gy(jw) is obtained by taking the physically
realizable part of the remaining part of the optimum transfer function,
[®s(w)Ga(jw)/Br]. This is obtained by finding the impulse response of
this remaining part and constructing a filter that will give the same result
for positive values of time. - For instance, if the desired response to the
signal is unity, the term in brackets becomes, for our example:

By(0)Galj) _ K?

4 @ Kl —jo@ T o)




NOISE, RANDOM INPUTS, AND EXTRANEOUS SIGNALS 24-17

For positive values of time, the impulse response of this filter is
I{sze—at
K,(a +b)

The transfer function of a realizable filter which has this impulse response
is obtained by taking the Fourier transform of eq. (45).

(45) gr(t) =

(46) Ga(jw) = ﬁz( : ) -
K, \a+b/a+ jo
The complete filter is then the cascade of (1(jw) and G2(jw), or simply
. Ks2/Kn2 -
(47) Gr2(jw) =

@+ 0@ +jo)

By referring to eq. (42) it is seen that as the noise amplitude becomes
very small, b becomes very large and the gain of the filter becomes unity,
and that as the noise becomes very large, the gain goes to zero and gives
an intuitive check of our results. If G{5(jo) is known, conventional methods
may be used to synthesize a control system approximating the optimum
response.

In some applications a lag can be tolerated in the output or conversely
a lead is desired. In these cases G4(jw) is no longer unity, but it is given
by ¢“T where T, the time displacement, is plus for a lead and negative for
a lag. TFigure 10 shows a plot of the impulse response of G(jw) without

a(7) 8(7)

(a) (b)
Fra. 10. Effect on the optimum response of allowing a lag T': (a) zero lag; (b) lag equals T'.

&(7)

Fie. 11. Physically realizable part of 10(b).

regard for physical realizability for both zero and negative values of 7.
For the case of the lag the realizable transfer function for G(jw) would
have the impulse response shown in Fig. 11. This response is physically
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realizable but would require a very complex network. The advantage of
accepting the signal delayed by T seconds is that it would be more accurate
when it arrived.

The same results can be obtained by writing an equation for the optimum
impulse response of the control system. This is known as the Weiner-
Hoft equation:

(48) bos(r) = f b11(r)g(r) dr.
0

In eq. (48) ¢ss(7) is the autocorrelation of the signal, ¢;7(7) is the auto-
correlation of the input, and g¢(r) is the optimum impulse response. The
Fourier transform of ¢g(f) is the same as G3(jw) derived previously. Equa-
tion (48) can be solved numerically if the autocorrelations are the result of
experimental measurement and no analytical expressions for them are
available.

Nonstationary Inputs. Equation (48) can be extended to the case of
nonstationary inputs by rewriting it as follows (Refs. 12 through 15):

(49) buslly L — 7) = f orr(t — 7, ¢ — Ng(t — r, 0) dr,
0

where g(t — r, t) is the response of the control system at time ¢ to an im-
pulse applied at time ({ — r) and the autocorrelation functions are defined
by eq. (2). Equation (49) will usually require a numerical solution.

The response g(t — r, t) is the optimum only at time ¢ A different
time will in general require a different response so that the system must
be time-varying. The values of g(t — r, ) are most easily obtained by
using adjoint techniques with an analog computer (Ref. 7). A cut-and-
try variation of parameters can be used to approximate the calculated
optimum response.

System Optimization Under Constraints. The response called for
by the minimum squared error criteria may call for unrealistic demands
on components by requiring extended ranges of operation to prevent
saturation or by requiring highly rated components to prevent overheating,.
Hence, the optimization should more practically be carried out under the
restraints of rms power dissipated in the output or signal level at various
points in the system (Refs. 16 and 17).

ExampLE. Suppose that the input consists solely of a signal with spee- -
tral density ®7(w) and it is desired to limit the rms velocity of the output.
The mean square error and velocity are given by egs. (50) and (51) where
((jw) is the system transfer function.
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50 ol =2 wq)wl—G'.w 2 dw,
(50) f 1(@)]1 — G|
(1) =l =2 fo 2w | Gjw) 2 do.
The quantity I is formed:
_ 2y |d@ P
(52) I=c242|=
(53) ~ [ @1 = G| + M r(a) | Gi) P) do
0

The object is to minimize I by the proper choice of G(jw). The result is
a function of A the Lagrangian multiplier. With this result, the value of
(de(t)/dt)? is plotted versus X and a value of N is picked that gives the
minimum error for the velocity below the specified limit. The solution
of eq. (53) is quickly obtained in this case by noting that I would be the
mean square error if Aw’®;(w) were a noise input. Hence, the optimum
transfer function without regard to realizability is

fIJI(w)
®r(w) + Aw’®r(w)

which has the same form as eq. (37). Hence, the methods of treating
eq. (37) can be used in this case.

Summary. The designer should be careful not to expect too much of
formal techniques of optimum design. On account of shortcomings in
the mean square error criteria and the difficulty of obtaining accurate
statistical description of the inputs, they will seldom produce practical
designs. They do, however, form useful guide posts and establish limits
on performance.

(54) Gopt(j w) =
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1. DEFINITIONS

Definition of Nonlinear System. A nonlinear system or element is a
system or element described by a nonlinear differential equation. The
significant feature of a nonlinear differential equation is that the principle
of superposition is not applicable. Therefore, in a nonlinear system the
simultaneous signal level and operating range of all inputs must be specified
in order to define the system performance.

Classes of Nonlinearity: Defined by Static Characteristic (Refs. 1
and 2). An essential nonlinearity is a nonlinearity which is necessary to
the basic operation of the system. A relay servo-is a good example. By
its definition, this type of nonlinearity must be included in any system
analysis. It is also referred to as an intentional nonlinearity.

25-01
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Parasitic nonlinearities are those nonlinearities which are small or in-
cidental defects in an otherwise linear system. This type of nonlinearity
is also referred to as an incidental nonlinearity. Neglecting parasitic non-
linearities often does not compromise the early analysis and the preliminary
designs can be based on this assumption. However, in more complex,
high performance systems and/or systems which are required to follow
large step inputs, these nonlinearities may result in unsatisfactory or even
unstable operation. These nonlinear effects must, therefore, be considered
in a complete analysis.

R - Compensating Power Gear C.
> Preamplifier network | | amplifier | ] Motor — train
B Feedback
potentiometer

Fig. 1. Components of a simple system.

Exampres. Typical sources of parasitic or incidental nonlinearities in a
simple system, Fig. 1, are:

(a) Preamplifier and/or power amplifier saturation.

(b) Preamplifier, power amplifier, or motor sensitivity limit (due to
Coulomb friction or stiction).

(¢) Hysteresis in motor characteristics.

(d) Motor velocity and acceleration limits (due to magnetic saturation).

(e) Inherent nonlinear motor characteristics which are linearized for
analysis, e.g., series or 2-phase motor characteristics.

(f) Granularity in the followup potentiometer.

(¢) Backlash and stiction in the gearing.

Classes of Nonlinearity: Defined by Dynamic Effect. A slowly vary-
ing nonlinearity is a nonlinearity which changes system characteristics
slowly relative to the response time of the system. Such nonlinearities
are often related to the variation of an independent parameter outside the
control system. The variation of the effectiveness of the control surfaces
of a missile with altitude is typical of this type of nonlinearity.

A rapidly varying nonlinearity is a nonlinearity which changes system
characteristics at an appreciable rate with respect to the response time of
the system. Such nonlinearities are usually functions of the dependent
variable, e.g., amplifier saturation.
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2. GENERAL NONLINEAR SYSTEM PROBLEM

Importance of Considering Nonlinearities. Conceivably a system
could be designed to operate in an essentially linear manner for all expected
inputs. Such a design would probably not be economically feasible. The
ratings of power elements, amplifiers, and precision of gear trains, etc.,
required for such a design would be prohibitive from space, weight, and
cost considerations. Fortunately such a design is usually not required
and may not be optimum even if achieved. Normally smooth operation
is required only for small deviations about the operating point. For large
deviations, saturation of amplifiers and/or power elements is often accept-
able. The problem for large deviations is to assure that the change in
system operating characteristics does not result in unsatisfactory perform-
ance when synchronizing on the new operating point.

For small deviations, there exists the problem of minimizing the non-
linearities which cause deadband or signal distortion. Again it is not
usually practical to eliminate the cause. The designer attempts to reduce
the effect to acceptable limits. The threshold at which an error signal
will cause control action is initially a static problem. However, those
nonlinearities which are important at low signal levels can cause a self-
sustained oscillation of low amplitude. It is necessary to assure that the
amplitude and frequency of these oscillations are not sufficient to affect
adversely system performance. :

Of great importance also is the fdct that linear operation represents only
a small cross-section of the possible methods of achieving the desired
operation. It certainly is to be anticipated that in many cases the best
performance can be achieved by nonlinear operation. In fact in a number
of cases techniques using nonlinear elements have been employed to im-
prove the performance of servos without other improvements in existing
controllers and motors. (See Sect. 7.)

State of Art in Nonlinear System Study. There are two types of
tasks in nonlinear studies, analysis and synthesis. Practical analytical
techniques of treating nonlinear systems are not available except for the
most rudimentary and simple systems. Fortunately, the task of analysis
lends itself to solution by computers. The analog and digital computer
no longer makes it necessary to rely upon tedious hand methods of cal-
culation. Although the ennui.of calculating performance of nonlinear
systems has been removed, the problem of organizing a general theory
still remains. The continuing advancement of any scientific field is de-
pendent upon the ability of the persons involved to generalize, classify,
and catalog their results. This provides the foundation for future develop-



TaBLE 1.

Condition for Occurrence

Occurs in systems with light-
ly damped resonances, and
nonlinear restoring forces
that are excited sinusoid-
ally. Describing function
analysis shows that

|G| cosy > 1
must be true for phenom-
ena to occur in single loop
system with simple satura-

tion.

(|G| = open loop gain,
v = phase margin).

(See Ref. 3.)

Type
1. Jump

reso-

nance

2. Limit
cycle or
bounded

Occurs in unstable or condi-
tionally stable nonlinear
systems. Describing func-

Characteristics and/or Effects

When excited by a sinusoidal driving sig-

nal, the resonance is normal for small
amplitude signals. Theoretically, for
larger amplitude signals the resonance
bends as in A below. In practice the
three-valued function cannot be meas-
ured but the response will appear to
jump as in B below. The jump will
occur at different values of frequency
depending upon whether the frequency
isincreasing or decreasing. The phase
characteristic exhibits a corresponding
jump.

Decreasing
frequency jump
Increasing

Amplitude
Amplitude

—

]
Frequency —s» Frequency—s
A. B

An unstable linear system can exhibit

oscillations that grow without bound.
A nonlinear system that is unstable

ComMoN NONLINEAR PHENOMENA

General Remarks

For jump resonance to occur the system

must be second order or higher. To
have significant bending the damping
must be 0.1 or less in a second order
system. The phenomena can occur in
systems with saturation or increasing
gain characteristics. The bending is
to the right for increasing gain charac-
teristics and to the left for saturation.

The normalized second order-equation

of the type dz?/di* 4 dz/di + f(z) =
F cos wt (Duffing’s equation) has been
solved for various forms of the func-
tion f(z) and each case has exhibited
the jump resonance when the viscous
damping was small. (See Ref. 4.)
The existence of the jump resonance
can be confirmed by the use of describ-
ing functions. (See Refs. 3 and 5.)

Limit eycle oscillations can arise from a

wide variety of system conditions.
Conditionally stable systems with sat-

v0-5¢
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oscilla-
tions

3. Subhar-

monic
genera-
tion

tion analysis shows that
conditions of |G| = 1 and
v = O must be met for phe-
nomena to occur in simple
systems. For a stable sys-
tem with an unstable limit
cycle it is necessary to ex-
cite the system beyond the
level of the limit cycle to
obtain self-sustained oscil-
lations.

Appears in nonlinear systems

excited sinusoidally. No
general rules are available
defining the necessary con-
ditionsforoccurrence. The
phenomena have been ob-
served in lightly damped
systems with nonlinear re-
storing force and in systems
with nonlinear energy de-
lays.

can oscillate at fixed amplitudes. Such
oscillations are referred to as limit cycle
osctllations. Limit cycles can be either
stable or wunstable depending upon
whether the oscillation converges or
diverges from the conditions repre-
sented. Depending upon the system
characteristics, the limit cycle oscilla-
tion can vary from nearly simple har-
monic oscillation to a highly nonlinear,
relaxation type oscillation. Self-ex-
cited oscillations arising in a stable
system with unstable limit cycle are
referred to as soft oscillations. Self-
sustained oscillations which occur aft-
er the system has been excited to a
given level (unstable limit cycle) are
referred to as hard osctllations.

When the output contains subharmonics

of the input exciting frequency, the
phenomena is referred to as subhar-
monic generation.

uration will contain both a stable and
unstable limit cycle and an unstable
system with saturation will have one
stable limit cycle. System imperfec-
tions that appear at low signal levels
(backlash, friction, ete.) can, under
the proper conditions, cause limit
cycle oscillations. Existence of this
type of limit cycle makes it necessary
to define instability in terms of the ac-
ceptable magnitude of an oscillation
since a low level nonlinear oscillation
may or may not be detrimental to per-
formance of the system. Because soft
and hard types of oscillations can exist,
the designer must specify the input
range completely in evaluation or syn-
thesis of a nonlinear system. Limit
cycles can be most correctly explained
by use of the phase plane; however,
the magnitude and fundamental fre-
quency of the limit cycle can be esti-
mated to a first order of magnitude by

means of describing functions.

Systems with elements having hystere-

sis, i.e., backlash, magnetic hysteresis,
fI'lCthIl have been known to exhibit
this type of performance when excited
with a sinusoidal input. The transi-
tion from harmonic to subharmonic
operation can be quite sudden, but
once the subharmonic is established,
it is often quite stable. (See Ref. 8
and its bibliography.)

SWILSAS ¥VIANITNON
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Type
4. Inter-
modula-
tion ef-
fect on
gain

TaBLE 1.

Condition for Occurrence
Occurs in amplitude-sensi-
tive nonlinear systems ex-
cited by two or more fre-
quencies. The frequencies
can be separate inputs or
one input with a complex
waveform. Theamplitude
of the complex wave must
be sufficient to enter the
nonlinear region.

CommoN NonNLINEAR PaENoMENA (Continued)

Characteristics and/or Effects

Because of the amplitude-sensitive non-

linearity the frequencies will be inter-
modulated. This causes the original
frequency components to have differ-
ent amplitudes and phase shift than
obtained from the nonlinear system
with only one frequency present. This
can be interpreted as a different phase
shift and/or attenuation through an
element. The effect is also apparent
when noise is present with the signal.

General Remarks

In a simple saturating system the effect

can be explained quite easily. Two
frequencies are considered. After the
saturation the amplitude of both will
be reduced beyond that expected if
only one frequency had been present.
If we are considering the effective gain
with respect to one of the two frequen-
cies, the gain will have been reduced.
This gain reduction in the open loop
can be interpreted as reducing the gain
crossover and therefore increasing the
phase shift of the closed loop for the
frequency being considered. (See Ref.
7.) By considering one of the frequen-
cies as an extraneous signal, the effect
of noise on the performance of a satu-
rating system can be envisioned. The
effect is particularly significant if the
amplitude or phase shift of the closed
loop is important to system perform-
ance.

90-6C
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ment. A great deal of work of this type remains to be done in nonlinear
system analysis.

The major problem for the systems engineer lies in synthesis of a control.
In synthesis one needs in addition to a full appreciation of the charac-
teristics and a complete understanding of the nature of the task to be
performed: (a) methods of rapidly, approximately estimating the effect of
different types of compensation in order to allow selection of a potentially
good approach and (b) having selected a general approach, a logical design
procedure which converges on the ‘“best” design. Although no such
generally satisfactory method exists, the methods of linearization, deserib-
ing functions, and phase plane analysis are powerful analytical tools for
attacking nonlinear problems. (See Sects. 3, 4, and 5.) By and large
these methods are not exact but often suffice for preliminary design cal-
culations. The majority of these methods attempt to Linearize the problem
sufficiently to allow the use of the well-known techniques used in the study of
linear systems. Because of the difficulty in providing generalized design
criteria or design charts for any but the simplest nonlinear system, the
synthesis of a system using nonlinear elements is primarily a cut-and-try
process tempered with common sense.

Unusual Phenomena Peculiar to Nonlinear Systems. Many un-
usual phenomena occur in nonlinear systems. In a linear system the
response to a given input defines the response to be expected from any
input. This is not true for a nonlinear system. Cases arise where per-
formance may completely deteriorate between a step response and a sinus-
oidal response. Table 1 summarizes some of the more common types of
nonlinear phenomena which have been catalogued. The list demonstrates
that the designer must be aware of the peculiar characteristics exhibited
- by nonlinear systems and completely specify the operating conditions in
order to proceed with an intelligent, efficient design. The types of non-
linear phenomena described in Table 1 are those most commonly en-
countered in nonlinear feedback control systems. Other types of nonlinear
phenomena have been catalogued; frequency entrainment, asynechronous
excitation and asynchronous quenching, parametric excitation, ete. See
Ref. 6 and its bibliography for more details on nonlinear phenomena.

3. METHODS OF ANALYSIS: LINEARIZATION

Frequency response analysis can be used only when the system is de-
scribed by linear constant coeflicient equations. Certain nonlinear sys-
tems can be linearized by use of the perturbation theory. The method
assumes that for very small deviations about the operating point the
system is linear. The perturbation method determines the coefficients of
the new linear equation describing the performance of the system. Once
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reduced to a linear form the usual frequency response techniques can be
applied.

Method of Evaluating Linearized Coefficients. A nonlinear func-
tion of one or more variables can be linearized if the function is analytic.
(Refs. 6 and 9.) Expand the function in a Taylor series about the operat-
ing point and neglect all the second order and higher derivatives. One
thereby considers only the incremental change about a nominal value.

If the function is f(x1, x5, 3, - -, Zn) = f(z;), then the Taylor expansmn
about point a;(xz; = a;, Ty = ag, x3 = a3, ete.) is

(x; —

n 2 .
% Z o) (x: — a;)?

6131 zt=ai

f (s
y = f@) = fa) + 3 L&

i—1 0x;

i i (xu wk)

1
— T — Ug hand . : k .,
+ 20 k=1 9T0%Tr  |zg—oq (:L‘ a )(xk a,c) + = g
Tk=0ak
or
of (x:)
y=f) = f@) + 3 (5 — i) = go + Ay,
i1 0% lmp—aq
and
= of(x:)
(1) Ay = (2 — a)
=1 ax, ri—ay

for small values of x; — a;. Equation (1) is a linear relation between
Ay and x; — a; or Az;, the incremental changes.

The accuracy of the approximation can be estimated by evaluating the
next terms in the Taylor series, e.g., the second order terms are

1 i 9f (xs)

2
2 i=1 0% lzy—a

(x; — a;)®

122 0% (s, xr) .
ST (@wi— e — ), ke
2: k=1 OT0Tk |ep—ax

Xi==ag

+

Alternate Method of Evaluation of Linearized Coeflicients. The
same linearization can be accomplished by substituting a; + Az;, az + Az,
ete., for &1, xo, etc., in the original function, and neglecting all second order
and higher terms, i.e., terms containing the product of the type Ax;Ar,.
Here a; and a, are the values at the operating point and Az; and Ax,
are small deviations.
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ExamprE. Consider the nonlinear function f(z, y) = w = zy. Substi-
tuting x = xg + Az, ¥y = yo + Ay, w = wy + Aw

wo + Aw = zoyo + Ayzg + oAy + Ax Ay.
If Az and Ay are small, the term Az Ay is small and can usually be neglected.
wo + Aw = zoYo + Azyo + Ayzo.
Since wp = ZoYo, the remaining two terms must be deviations, therefore,
2) Aw = Azyo + Ayxg.

Equation (2) is a linear expression for Aw. TFor small variations about
the operating point xo, yo, €q. (2) describes the performance. The coef-
ficient yg is the gain between Az and Aw, and wp is the gain between Ay
and Aw.

The same relationship would have been obtained by using the Taylor
series expansion. _

Table of Useful Algebraic Approximations for Linearization.
Table 2 is useful when making the above substitution into nonrational
equations. The terms in Table 2 were determined by considering the

TaBLE 2. USEFUL ALGEBRAIC APPROXIMATIONS

m<<1
Algebraic Expression ~ Approximation Next Term in Series
1
1—-— 2
1. T+m m +m o
2. A +m)n 14+ mn +_n(_n—?.)r£
m?
3. e™ 14m + 5
m?
4. log. (1 4+ m) m -5
3
5. sin (m) m -
6
m?
6. cos (m) 1 -
2
7. 1 + m)(A + me) 1+ my 4 my +myme

series expansion of the closed form. The last column of the table can be.
used to estimate the accuracy of the approximation.
To use the table, it is necessary to work the expression into a nondi-

mensional form.
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ExampLe. Consider the flow through a variable orifice. Flow, g, is
given by
¢ = CsAV'P,
where A = orifice area, a variable,

P = pressure drop, a variable,
C, = flow coefficient, a constant.

By substituting the incremental change form

g0+ Ag = Ca(Ao + Ade)V'Py + AP.
Dividing the quantity under the radical sign by P, yields

qO+Aq=Cd(A0+AA0)\’P0 Vl—i—AP/Po.

Using approximation 2 in Table 2 for n = 14 yields the expression

1 AP
g0 + Ag = Cy(4o + AAy)V Py <1 + ———)'
, 2 Py
By expanding and neglecting higher order and constant terms this reduces

to
Cado

Ag = (2—\/—?) AP + (C;V'Po) A4,

where the terms in parenthesis are the equivalent gain between AP and
AA and flow, Aq.

Graphically Linearizing System Characteristic. The analytical
expression for the function need not be known. If the graphical relation-

dw
Tangent at wy, xg, slope = 3~ %0

w

Fia. 2. Determination of the linearized coefficient from a plot of the function.
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ship between the variables is known, a linear expression can be obtained
by considering incremental departures from the nominal values at the
particular operating condition being considered. For Fig. 2 then

wy + Aw = f(2) + (slope of function at zo, wg) Az
ow
=wy + —| Az
0% |z,
and

ow

Aw = —| Az,
oz

To

The method can be extended to functions of more than one variable by
obtaining the slopes from the appropriate curves. Note that in dealing with
Sunctions of more than one variable the slope must be taken so as to be inde-
pendent of all variables but the ones being considered. In Fig. 3 a function of

o L

Slope = Slope = 5=
Pe= oy 2 @) Pe= o 390 5 %3

Wol-— ——f——

| S—

Fic. 3. Determination of the linearized coefficients from cross-plots of a function of
two variables: (a) zw plot and (b) yw plot.

two variables is cross-plotted to obtain the independent slopes from separate
plots. From these the linear relation for small deviations at values of the
variable x,, s is

ow
oo

z2 Y2 oy

ow
Aw = —

Ay.
or Y

TgrY2

For functions of two variables that are reasonably regular it is usually
possible to pick the values for calculating the slopes from a single plot
of the function and avoid the labor of cross-plotting the functions (see
Ref. 9).

Use of Linearized Coeflicients. The characteristics of the function
or system are approximated by the linearized coefficients for small varia-
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tions from the operating point. Therefore, for small disturbances, only the

deviation terms need to be considered in determining the stability. The

“constant’”’ terms defining the oper-

Ax ating point will remain the same to

% a first order approximation. Under

5 these conditions the block diagram

Aw  for the multiplication w = zy is

shown in Fig. 4.

% For small disturbances, the ap-

proximation can be substituted into

Fic. 4. Equivalent block diagram for the system filagram anfl the usual

the linearized small deviation expression ~methods of linear analysis and com-

for the function w = zy. pensation used. Note that one is

_ now dealing only with the deviations

and not the total variable. For further applications of this method see
Sect. 7.

Limitations. The above approximations are limited to small devia-
tions from the operating point. The errors get progressively worse as the
signal level is increased, and considerable care must be exercised when
dealing with large excursions. The validity of the approximation can be
checked by evaluating the next terms in the Taylor series or the last
column of Table 2.

The perturbation theory is valid only if the derivaiive of the function exists.
The method would be of doubtful value in dealing with a relay charac-
teristic. :

The method is sometimes limited when the operating point is at 0. One
or more of the variables will then have a steady-state value of 0, and
terms involving that variable and the deviation can be lost. This can
lead to an indeterminate or inaccurate solution. For instance, in the
example of linearizing w = xy if either xy or yy were 0, the variation of
Aw with the corresponding value of Az or Ay is zero. See eq. (2). Al-
though the error of the approximation is still Az Ay this term becomes
significant with respect to the other terms as xg and g, become small.
Consider the example of the flow through an orifice. The linearized devia-
tion expression is repeated here:

Ay

Cady >
q <2 Pq + (CaV Py)
As Py — 0, this expression becomes indeterminate and the analysis

based on the approximation under these conditions loses significance. A
linear expression no longer adequately describes these situations.
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4. METHODS OF ANALYSIS: DESCRIBING FUNCTION

General

Definition of Describing Function. When an element is excited by
a sinusoidal signal, the describing function is the ratio of the fundamental
of the output signal to the sinusoidal input signal. A describing function
of an element may be a complex quantity, characterizing both amplitude
and phase relations between the input and output. The describing func-
tion may be a function of both signal amplitude and frequency.

Use of the Describing Function. Within the validity of the basic
assumptions, the describing function, representing the nonlinear element,
can be substituted directly into the system equations for the nonlinear
characteristics. The use of the describing function quasi-linearizes the
frequency response equations. Since the describing function will be a
function of amplitude, the system frequency response will be a function
of both frequency and amplitude. The quasi-linearization of the system
equations in the frequency domain allows the use of the Nyquist criterion
to determine stability.

Although the dependency of the frequency response upon both frequency
and amplitude complicates the calculations slightly, practical methods are
available which require little effort beyond that normally required in the
plotting of a Nyquist diagram.

Usefulness of Describing Function. The describing function provides
an approach which allows a solution in the frequency domain. The ability
to manipulate the system equation in the frequency domain is valuable
because: (a) frequency response techniques developed for linear system
are available for synthesis, (b) synthesis and analysis can be handled with
relative ease, and (¢) the technique is not limited to systems with few energy
storage elements.

Basic Assumptions of Describing Function Mecthod. If the input
to the nonlinear element is sinusoidal, then it is assumed that:

1. The output is periodic and of the same fundamental period as the
input signal.

2. Only the fundamental of the output wave need be considered in a
frequency response analysis.

3. The nonlinear element is not time-varying.

4. Only one nonlinear element is considered to exist in the system.

Assumption 1 implies that no subharmonics are generated.
If the element used in a system is driven by sinusoidal signal, the output
of the device by assumption 2 is considered to be sufficiently filtered by
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the system characteristics so that the signal fed back into the input of
the nonlinear element is essentially sinusoidal. The degree to which the
input to the nonlinear element must be “essentially sinusoidal” is de-
termined by how critical the nonlinearity is to the wave shape of the
driving signal. '

While the describing function cannot be obtained for a system in which
the coefficients are time-varying because the output would not reach a
steady-state periodic solution, the describing function can be obtained
for an element with characteristics which are dependent on frequency.
In such a case the describing function will be a function of both amplitude
and frequency of the signal.

If a system contains two nonlinearities of major importance, it is still
possible to get a describing function for the system. Often the easiest
way to obtain the describing function in this case is to lump the charac-
teristics of the two nonlinearities and obtain an over-all describing function.
In general, it is not practical to consider each nonlinearity separately.

Theory of Describing Functions. Consider the system of Fig. 5. It
is convenient in describing function analysis to have the nonlinear and

Nonlinear elements Linear elements

r 207 gym 2 80 >

Fia. 5. Block diagram of simplified nonlinear system.

linear elements separated as in the figure. In the following it will be
assumed that this has been done.
The output, n, of the nonlinear element is related to the input, m, by

n = [gp(m)]m.

If the input is sinusoidal, then, by the assﬁmptions made, the error
M (jw) must be sinusoidal and of the fundamental frequency.

N(jw) = Gp[M (jo)]M (jo).
The output, N (jw), can be represented by a Fourier series:
N(jw) = N1(jow) + N3(j2w) + N3(j8w) +---,

where N, (jw) is the first harmonic of the output N (jw).
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By definition, the describing function is
Ni(jw) | N1(jw)
GDl(l Mly w) = =

_ _ o (N 1 (J'w)>’

M (jo) M (jw) M (jw)
where Gp, (| M|, ) is the describing function as a function of amplitude,
| M|, and frequency, w.

Usually for convenience (||, w) and the subeript 1 are dropped;
this leaves Gp as the symbol for describing functions.

Within the validity of the assumption that the harmonics are sufficiently
filtered by the linear system elements so that the feedback signal contains
essentially the fundamental, the harmonics of the output of the nonlinear
element can be neglected, and the describing function Gp can be used as a
series element in the frequency response analysis.

Gp can be determined by conventional Fourier series analysis. (See
Chap. 14 and Ref. 10.)

Stability Criterion. For the system of Fig. 5 the frequency response
is approximated by

GpG(jw)
1 4+ GpG(jw)

where Gp = the describing function,
G(jw) = the frequency sensitive portion of the system.
For a minimum phase shift system (see Chap. 23) the system will be
critically stable when the denominator is zero or

1 + GpG(jw) = 0,

C y —
ﬁ (Juw) =

or
6)] ~ G(jw) = —1/Gp,
or
CY) —Gp = 1/G(jw).

When eq. (3) or (4) is satisfied, the system will have a sustained oscillation
of the amplitude and frequency which satisfies the equation (Ref. 11).

Limitations and Accuracy of Describing Function Method. There
are two major disadvantages with the describing function analysis:

1. There is no convenient method to determine the accuracy. A method
proposed by Johnson (Ref. 12) becomes laborious for more than the most
simple systems. -

2. Frequency response analysis allows prediction of the transient
response. A describing function analysis allows at best a qualitative
interpretation. These designs can therefore predict stability and frequen-
cies of oscillation, but are limited to crude rules of thumb in prescribing
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a given stable response. It must be pointed out that such approximations
are often all that is justified by the accuracy of other system data available.

In a wide variety of applications, use of describing functions has allowed
prediction of the frequency and amplitude of oscillations within 20 per
cent. It is difficult to generalize, but usually the method will be most
accurate when Gp and G(jw) are varying rapidly in the region of inter-
section (Ref. 12). Erroneous results may be obtained in some cases when
the intersection is approximately tangential (Ref. 13).

Because the assumption of sinusoidal input to the nonlinear element
is not exact, the method works best when Gp is not sensitive to wave
shape of the driving function.

Norte. The describing function method of analysis is the only practical
analytical technique for treating nonlinear systems which are higher than sec-
ond order.

Describing Function: Methods of Presentation
Inverted Nyquist Diagram. The equation for sustained oscillation,
—Gp = 1/G(jw),

indicates that an intersection of the —Gp and 1/G(jw) loci is a point having
a given frequency and amplitude at which sustained oscillation can oceur.

Unstable region

Increasing w

\
\ — Gp locus
\ Real
\\ Stable region ]
\ /
AN /
1 \\ //
) locus N~

Fia. 6. Inverted Nyquist diagram for a stable nonlinear system showing the stable
and unstable regions for the describing function locus.

In a normal inverted Nyquist plot the —1 point should be on the left
as the 1/G(jw) locus is traversed in the direction of increasing frequéncy
for a minimum phase shift system. In this case, there is no longer a fixed
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—1 point, but the system is stable if the —Gp locus is entirely on the left
of the 1/G(jw) locus. .

The stability criteria is then as follows: If a locus of all possible values
of Gp s plotted, then the system will be stable if the —Gp locus does not inter-
sect the 1/G(jw) locus and Gp locus lies completely on the left-hand side of
the 1/G(jw) locus when the 1/G(jw) locus s traversed in the direction of in-
creasing frequency. (Valid for minimum phase functions.)

A stable system is shown in Fig. 6.

Note. By plotting in this manner the frequency sensilive, G(jw), and
amplitude sensitive, Gp, portions of the system have been separated and can
be considered independently.

Nyquist Diagram. Equation 3 leads to a Nyquist diagram as indicated
in Fig. 7.

Stable region
Unstable region

Increasing w & G (yw) locus

F1g. 7. Nyquist diagram for a stable nonlinear system showing the stable and unstable
regions for the describing function locus.

The stability criteria is as follows: If a locus of all values of —1/Gp s
plotied, then the system will be stable if the —1/Gp locus does not inlersect
the G(jw) locus and the 1/Gp locus lies entirely on the left-hand side of the
G(jw) locus when the G(jw) locus is traversed in the direction of increasing
frequency. '

A stable system is shown in Fig. 7.

Log-Angle Plane Representation. It is sometimes more convenient
to work with magnitude and phase angle semi-independently. This can
be done in the case of describing functions by use of the log magnitude-.
angle plot. These are the familiar coordinates used on the Nichols charts.
(See Chap. 21, Sect. 7).
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For the case of a nonlinear system, the critical point is
20 logyo|G(jw)| = 20 logio|1/Gp]
(5) £G(jw) = —180° — ZGbp.

If the conditions of eqs. (5) are met, the system is unstable. A typical
plot of a stable system servo is given in Fig. 8. As long as the two loci do
not intersect, the system will be stable.

Stable region
Unstable region

/ Increasing w

|

X -90 Phase angle
G(jw)

Fic. 8. Log magnitude-angle diagram for a stable nonlinear system showing the stable
and unstable regions for the describing function locus.

-1
Gp

o

1
—
% Bl Log magnitude, decibels

Typical Loci for Nonlinear Systems. Table 3 shows a number of
different types of loci which can be expected. In each of these diagrams,
the frequency and amplitude loci have been plotted. The arrows indicate
increasing frequency and amplitude of signal input to the nonlinear
element.

System B has an intersection at point 1. This indicates that the sys-
tem will be unstable at amplitudes less than those at point 1 and will be
stable for larger amplitudes. This system, therefore, will be unstable and
~ oscillate at the amplitude and frequency of point 1. If a small disturbance

is introduced into the system B described in Table 3, the system will

appear unstable and the amplitude of oscillation will increase until point
1 is reached. If the amplitude of oscillation becomes larger than this,
the system appears stable and any oscillation would tend to die down to
that corresponding to point 1. The amplitude and frequency correspond-
ing to point 1 are the amplitude and frequency of the sustained oscillation.
Point 1 of system B is called a convergent point because disturbances at

- either side tend to converge at these conditions. This is contrasted with
point 2 of system C, Table 3, which is a divergent point since disturbances
which are not large enough to give this value of Gp will decay and disturb-
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TasLeE 3. TypricaL Locl FOR AMPLITUDE SENSITIVE NONLINEAR SYSTEMS

Inverted Nyquist
Diagram Type  Nyquist Diagram Diagram Log-Angle Diagram
- . 1 1
Stabilit; ter: —Gp=+—~ ——=0G@ ]

ability criteria Gp GGy Gn G(jw) 20 logyo |G(jw)]

=20 logm] I/GDI,
£ G(jw)

= —180° — ZGp

A. Stable system ~

B. System with a
convergent
point

N

C. System with a
convergent
point 1 and a
divergent
point 2; Case
I, stable for
small signal

bbb
4 2
e e

D. System with a
convergent
point 1 and
a divergent
point 2; Case
II, unstable for
small signals
and very large
signals

I
%N%
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ances which are larger will result in oscillations which tend to increase in
amplitude.

In system D, point 1 is convergent and 2 is divergent.

Comparison of the Methods of Presentation. All the methods are
equally valid. The designer may thus choose the one with which he is
most familiar and/or the one which best fits the design problem. In the
inverted Nyquist diagram many of the simpler describing functions are
bounded, whereas in the Nyquist diagram the describing functions will
be infinite for some conditions. The other factors that influence the selec-
tion of one form of the Nyquist diagram are still applicable. (See Chap.
21.)

The log-angle method of depicting the stability of the system has advan-
tages in synthesizing a system containing nonlinearities. It is somewhat
quicker to plot since G(jw) can be obtained directly from a Bode diagram.
This method of display also lends itself to use with Nichols charts and
templates. (See Sect. 7.)

Frequency Variant Describing Functions. (See Ref. 12.) Describ-
ing functions which vary with frequency as well as signal amplitude
will appear graphically like the typical plot of Fig. 9. The describing
function becomes a surface in three dimensions (magnitude, phase, fre-
quency), and if this surface is pierced by the frequency locus (also plotted

Log magnitude

/

Fie. 9. Log magnitude-angle diagram for a nonlinear system with a frequency and
amplitude sensitive nonlinearity. Intersections (1) and (3) are not significant because
at these intersections G(jw) and Gp(w) do not have the same frequency.
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in three dimensions), the system will be unstable at the frequency and
amplitude of the intersection. In other words, to have a significant inter-
section, it is necessary to have the intersection of the Gp(jw,|M|) and
G(jw) loci occur at the same frequency. This is indicated in Fig. 9 at w,.

Tables of Useful Describing Functions

Amplitude Sensitive Nonlinearities. Table 4 gives some of the
more common describing functions for simple amplitude sensitive non-
linearities, with corresponding graphs in Figs. 10-16.
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Output Wave
Shape, n
Nonlinear (Input = m
Characteristic = | M| sin wt) Equations of Describing Function
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Relay
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Delay time

Variable
gain
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(There is no harmonic distortion in delay time. This
expression is exact.)
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Normalized describing function magnitude, |Gpl/K
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Fig. 12. Describing function for hysteresis.

25-25



25-26 FEEDBACK CONTROL

K20 RN °
Q
9_— —F Phase shift ]S @
S | —
518 N SN - 100
gc N // .“U’.
E Q?
516 - 20°\]
3] 1 . y &
5 I Magnitude~"V/ =
i o
£ 14 <D —30°§
5 1/ Slope = K\ o
é ‘// 1
g 12 & o / o ~ 40°
o \
g / / ’ \
5 4
Z 10 e O O O O I A
0 0.2 0.4 06 * 08 1.0
Ratio D/2 | M|
(a)
MG'O I O I
=
[G)
5°°
.‘g v
< 40
an
£
2 v
g 30 ’ ;
-§ > T 1_|Slope = -
= 20 H
£ A
2 HoT
107
0 2 3 4 6
Ratio D/M
(b)
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Complex Nonlinearities. Table 5 gives the block diagrams for non-
linearities which are frequency sensitive or which cannot be conveniently
separated from frequency sensitive elements. Included in this table are
the describing functions for several of the nonlinear elements, and graphs
are given in Figs. 17-19.

The block diagrams can be mechanized on an analog computer and,
in general, if extensive investigation is needed, a computer solution is
. recommended. See the instruction manuals of the particular computer
to be used for details on computer circuits.
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Type of Nonlinearity
1. Motor velocity limiting

Ka = acceleration constant
K, = viscous damping con-
stant
J = motor-load inertia
T= ?/otor time constant
= M/K,, normalized in-

put
Np = limiting velocity

2. Motor acceleration limiting

Ka, Ke, J, T, M’ same as above
NL = limiting acceleration

TNL = torque limit referred
to normalized input M’

3. Backlash (d- shunt motor
driving load)

Ja,J 1 = motor and load in-
ertia respectively
referred to same
speed: gearing in-
ertia divided be-
tween motor and
load, depending
upon location of
backlash

TaABLE 5. DescripTioN oF TyricaL CoMPLEX NONLINEARITIES

Description or Diagram

Actuating

E = 1/K, linear
W= Tsp g lnearresponse

M+ Velocity
> Ka _/TY - N
L5

N_ 1K,
M Ts+ 1

linear response

Reflected load torque

Motor Gearing, backlash, and load

Assumptions

1, Linear machine
performance ex-
cept for limiting.
2. Limiting of motor
speed is abrupt,
i.e., limiting is ab-
solute and does
not oceur gradu-
ally.

1, Linear machine
performance ex-
cept for limiting.

2. Limiting of motor
acceleration is
abrupt.

1.No gearing
bounce.

2. Only viscous
damping.

3. Lumped param-
eter representa-
tion of gearing,
motor and load
(see column 1).

General Remarks

Limiting velocity appears as increased damping; i.e.,
an effective increase in K and therefore an appar-
ent decrease in motor gain. In general the decreas-
ing gain and phase shift of this type of limiting
tend to make the system more stable but sluggish
when limiting occurs. The block diagram can be
extended to higher order systems. Note that in
modlfymg the block diagram to suit a different
situation when a variable is limited, the deriva-
tives of that variable must go to zero in a physical
system. The describing function for the simple
one energy storage motor shown in the block dia-
gram has been determined experimentally in Ref.
16 and is given in Fig. 17. The configuration for
velocity limiting is applicable to hydraulic, d-¢ and
a-¢ servo motors and can be easily mechanized on
an analog computer,

Limitlng acceleration appears as an increase in mo-
tor inertia to torque ratio; i.e., a decrease in Ko/J
and therefore an apparent increase in motor, time
constant. However, because the damping is not
affected, the motor low-frequency gain (1/K.) is
unc| anged The resulting Increase in phase shift
with this type of limiting can lead to serious per-
formance deterioration. Torque limiting slows
the initial response and also the rate of correction
for overshoots, The latter can result in large over-
shoots. The describing function of the simple one
energy storage motor has been determined experi-
mentally in Ref. 16 and is given in Fig. 18. The
effect of acceleration limiting can be estimated by
simply modifying K4 to account for the limiting.
The gain change can be obtained by using the de-
seribing function for saturation, Table 4.

The large number of variables in the complete prob-
lem precludes the derivation of simple deseribin,
functions. Describing functions have been derive
for a simplified configuration assuming no viscous
damping and either (a) a unidirected Coulomb fric-
tion force (see Ref, 14) or (b) a Jm > JL so that
the motor motion is not affected by reflected load
torques (see Ref. 15). Relationships have also
been determined experimentally (see Ref. 53).
The difficulty of handling the complex describing
functions, the restrictions of the basic assumptions,
and the desirability of using multiple feedbacks in

Describ- '
ing Func-
tions

Fig, 17

Fig. 18
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K1, = effective spring
constant between
motor and load

Dy, = effective load
damping with re-
spect to fixed ref-
erenceé

B =backlash angle
Kr1,R,K, = motor torque, im-
pedance and veloc-

1ty, constants

4. Simplified backlash (bigh |
load damping) Vo | Motor | 6m | _B: [
(see 3 above) e sl uun
/1
Backlash
5. Simplified Coulomb friction m_ fSpving constant, K |2s
M
b =Gp Friction force < & —+ V77177777777
_ 1
- . 4F
1+ ~K|Ni|

N; = fundamental of output

LJIm > JL,ie.
reflected load
torques have a
negligible effect.

2.V JLK/DL K1,
1.e., high load
damping so that
the load does not
coast.

3. Instantaneous ac-
celeration of the
load up to speed
when the gears
engage.

1. Zero load mass,
JL=0.

2. Zero viscous
damping.

3. Friction force
equal and oppo-
site to applied
force up to a max-
imum of F.

4. No effect on driv-
ing motion of re-
flect load forces.

practical systems limit the usefulness of this ap-
proach. The approximations mentioned in_the
text or below in 4 and 5 usually suffice for prelimi-
nary studies, and a computer study is usually nec-
essary for a more thorough investigation.

S&ct. 7 for a more detailed discussion of backlash
effects.

The block diagram can be modified to include (a)
Coulomb friction by making Dz, a nonlinear func-
tion, (b) speed and acceleration ljmitmg by modi-
fying the motor blocks as shown in 1 and 2 above,
(c) multiple backlash by properly dividing the in-
ertia, springiness, etc.

This presentation is useful for many types of instru-
ment servos where there is little coa.sting by the
load. Use the hysteresis describing function, Ta-
ble 4, for backlash where H = total backlash angle.

This describing function is useful when Coulomb
friction is a major influence on performance (see
Ref. 17). Magnitude and phase are the same as
for a simple time constant where frequency
Tw =4F/(xK|N1[) A more exact analysis can be
made by using analog computers and introducing
friction as a nonlinear damping term, D, i.e.;

Dof T J¥iscous
]Coulomb
éL

/\)Sticﬁon peak

Table 4
Fig. 12

Fig. 19
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Fi1g. 17. Describing function of a single servomotor subject to velocity limiting;

M’ = normalized magnitude of input, radians per second; N = saturated speed,

radians per second (maximum speed); 7' = unsaturated motor time constant, seconds
(Ref. 16).
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F1a. 18. Describing function of motor subject to acceleration limiting (Ref. 16).

Fig. 19.
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Describ

Describing function for Coulomb friction. See Table 5 for definition of terms.
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Simplifying Complex Nonlinearities

Separation of Amplitude and Frequency Sensitive Elements. It
is obvious that the nonlinearities of Table 5 can be simplified by a number
of approximations to the point where the simpler amplitude sensitive
describing functions can be used. Note that many of the complex non-
linearities consist of a combination of a simple nonlinearity and frequency
sensitive element(s). Typical of such a case is the system with backlash
shown diagrammatically in Fig. 20a.

E, )
R+ g K. =1 ] M + 1 1 (]
> G6) 3O = [ JM_S‘I'?_*__GD E>Olssm s T
K, D
6L
(a)
- e
1
| R
] OL)L*'
L g G >0 GGy
aL+Ekay
()

Fi1g. 20. Block diagram for a simple system with backlash Gp and G(s) equal to con-
troller elements: (a) the conventional diagram arrangement; (b) the diagram rearranged
so that the amplitude and frequency sensitive portions of the system are separated.

If it is recognized that the input to the nonlinear portion of the system
will be essentially sinusoidal, then the describing function for the dead-
band (Table 4, Fig. 11) can be used and substituted directly into the block
diagram as a gain Gp. To analyze the system conveniently it is necessary
to rearrange the block diagram so that the nonlinearity is separated from
the frequency sensitive elements and can be treated by the usual techniques
of graphically presenting amplitude sensitive describing functions.
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Let
Gar = 1
M = I{ (Jan + 1>1
e s
*\K,K,
Gy = Ky/Dy,

s (Zi s+ 1)

Dy,

Then rearrange the block diagram to appear as in Fig. 20b. In this illustra-
tion the amplitude and frequency variant portions of the systems have
been separated and the usual type of describing function analysis can be
used to determine if the system will be stable and if not what the amplitude
and frequency of oscillation will be.

Method of Equivalent Coeflicients. In complex systems, it becomes
difficult and sometimes useless to attempt to separate the amplitude
sensitive and frequency sensitive elements in the system so that the method
of analysis described earlier in this section under Theory of Describing
Functions can be used. For instance in the above example the variables
in which one is really interested, C and R, are buried in the block diagram.
It is thus difficult to determine: (1) whether the overall system will have
satisfactory performance, and (2) how to modify the compensation to
improve performance. .

The technique of using an equivalent coefficient is: (a) to recognize that
many nonlinearities appear as a gain change in the system, and (b) to
combine this gain change with existing gains in the system to form an
equivalent gain or coefficient. Once knowing the range of gain to be ex-
perienced, the system can be designed to be as insensitive to such a varia-
tion as is desirable.

A way to avoid the difficulty in the previous example lies in this approach.
It was pointed out that the describing function of the dead space can be
considered directly in the analysis. This describing function is in series
with the spring constant and can be combined to yield an equivalent spring.
Thus, the system will seem to have a very soft spring at low angular dis-
placements and an increasing spring constant (approaching the actual
spring constant) as the angular displacement increases. This equivalent
coefficient can then be considered as a constant in the remaining analysis.
In this case the major effect is the reduction in the load resonant frequency
and it becomes necessary to make the system less sensitive to load resonant
frequency to avoid difficulties.
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It is necessary to consider a number of different spring constants to
make sure that no unstable points exist, but this is usually not too difficult
a task although it can be somewhat time consuming. (See Ref. 18.)

ExampLE. As shown in item 3 of Table 5, the equation for backlash
from armature voltage to output shaft rate is
sOr,

Va

K'tKr/R

]S2+[(JM+JL)K,L+

- . K.Kr
IS s’ + [JMDL +JL

DiK.Krp KeKT]
R

R
where K’;, = the equivalent spring constant = K;Gp. The value of Gp
is obtained from Fig. 11 with the argument B/2(6y — 6r) rather than
B/2M.

The complete system transfer function including the above equations
can then be analyzed for several values of K’;. The actual value of Gp
has to be considered only if the magnitude of the input to the backlash is
wanted. ‘

]S+K'L[DL+

5. METHODS OF ANALYSIS: PHASE PLANE, GRAPHICAL SOLUTION OF
SYSTEM EQUATIONS

General

This is essentially a heuristic presentation of the phase plane method.
As a consequence attention will be directed at the areas of application and
only the most rudimentary explanation of the techniques of constructing
the ‘diagrams will be provided. At its present state of development this
technique has only limited utility in system synthesis; however, phase
plane techniques have received some use in the conception and display of
schemes for nonlinear compensation. (see Refs. 22 and 23.)

The reader is referred to Refs. 20, 21, and 27 for details beyond those
provided here.

Definitions. The phase plane has the coordinates of velocity (usually
the ordinate) and position (usually the abscissa) of the system. The solu-
tions of the differential equations are plotted on this coordinate system.

The locus of a solution to the differential equation is called a phase
trajectory or simply trajectory. A series of solutions or trajectories is referred
to as a phase portrait.

Limitations. Analysis by the phase plane method is limited to:

1. Second order (single degree of freedom) systems.

2. Autonomous systems (time does not appear as a parameter in any
of the coefficients of the system).

3. Systems with impulse, step, or ramp inputs or driving functions.
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The limitation on the order of the system is severe, but it is possible to
approximate a limited number of practical systems by a second order
equation for purposes of preliminary analysis. Methods have been pro-
posed for extending the technique to higher order systems but have not
received wide use. (See Refs. 24 and 25.)

Basic Equations. The basic equations that can be treated by phase
analysis are of the form:

d’z dx

dx
6 Y H ) -, ') i = ‘0’ = —-
(6) I + fi(x, %) 7 + fo(z, B)z ¢ =
By substituting dz/dt = y, eq. (6) can be reduced to a set of first order

equations:
dy

— = N(z, y),
py (=, )
7
() i e
—_— = x
dt b y )
and eliminating time by division yields
dx dy
®)

NGy D@y

Significant Characteristics of Phase Portrait

Table 6 describes a few of the significant characteristics of phase tra-
jectories. Identifying these characteristics will be useful to the engineer
in interpretation of the phase trajectories.

Areas of Use of Phase Plane Method

Analysis. The graphical techniques of plotting the phase trajectories
make the phase plane method particularly useful for systems with second
order nonlinear equations of motion. Although the availability of analog
computers has greatly reduced the need for such hand methods, there still
remains a need for generalizing analysis. The phase plane analysis often
can provide this generalization.

Presentation of Data. The phase plane has found some use in presen-
tation of analog or actual equipment results. In such cases, the system
does not need to be limited to second order. Of course the interpretation
becomes more difficult the higher the order of the system. Such plotting
techniques have been made even more meaningful when the display is on
a cathode ray oscillograph by intensity modulation. Timing pulses can
be indicated by brightening or dimming the trajectory.



Type
. Nodal
point

. Focal
point

. A cen-
ter

. Saddle
point

. Limit
cycles

. Hard
oscil-
lations

. Soft
oscil-
lations

TABLE 6. SIGNIFICANT CHARACTERISTICS OF PHASE PORTRAIT

Description

The trajectories converge or radiate from the node in such a
manner that the direction of the trajectory approaches defi-
nite limits as the nodal point is approached. The node is
stable if the paths converge on the node and unstable if the
paths radiate from the node. This is a singular point, i.e.,
a point where egs. (7) are equal to zero.

The trajectories converge or radiate from the focus on spiral
paths. As for the node, if the paths converge, the focus is
referred to as stable; if the paths spiral outward, the focus
is referred to as unstable. This is a singular point.

Closed trajectories about a point. This is a singular point.

Trajectories converge toward the saddle point and then diverge
except for the special case when the initial conditions are
such as to fall on the trajectory that goes into the point (the
converging separatice). This is a singular point.

A limit cycle describes the oscillation in a nonlinear system.
A stable limit cycle is a closed path to which adjacent trajec-
tories converge. When the trajectories diverge from a closed
patlh in the phase plane, the path is called an unstable limit
cyecle.

It is necessary to excite the system beyond a finite bound in
order to obtain self-sustained oscillations. The boundary
will be an unstable limit cycle.

Self-sustained oscillations can be started with an infinitely small
excitation. Soft oscillations start from unstable nodes or fo-
cal points.

Typical Trajectories

\
f \
Stable node

e

Stable focus

&

e

Separatice

Limit cycle

@

A stable limit cycle Sbout an unstable foca! point
Unstable
limit cycle

Stable
limit cycle

©

See figure for limit
cycle

Corresponding Conditions in

Linear Second Order System

Stable node, negative real
roots

Unstable node, positive real
roots

Stable focus, complex roots
with negative real parts
Unstable focus, complex roots

with positive real parts

Zero damping

Both roots real, one negative

and one positive

None

None

None
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Once the analyst has set up the equations for the phase plane, an analog
computer can be used to plot the trajectories. In this manner, one can
maintain the generality of the phase plane analysis and avoid the ennui
of extensive hand calculation.

System Synthesis. Because the graphical presentation often makes
interpretation of results easier, the phase plane method has been looked on
with favor by many. A number of authors describing work on “optimum
controls’” have made extensive use of the phase plane in presenting their
results. (See Sect. 7 for details.) However, the limitations on the order
of the system equations hamper work on any but the simplest systems.

Ku and a number of others have extended the phase plane to phase
space. (See Refs. 24 and 25.) This is essentially a multidimensional
plot allowing solution of higher order equation. Phase space methods have
received only very limited use to date.

Analytical Methods of Constructing Phase Plane

Direct Method of Solution. If the equation of motion of the system,
eq. (6), can be integrated to obtain time solutions for &, then & as a function
of z can be obtained by eliminating time from the individual solutlons
and the relationship between z and & may be plotted directly.

Indirect Method of Solution. If the equations of motion cannot be
integrated to obtain time solutions for = and &, a new differential equation
in terms of dt and dr may be formed and solved to give Z as a function of
z directly. The equations in this case reduce to the form of eq. (8).

ExampLE. Simple Relay Servo. Equations (13), Sect. 6, describing the
operation of a relay servo for a step input are repeated here for convenience.

&z dx

—+ —= -1, z>0;
dr®  dr

d’z  dx . <0
2 z .
dr dr ’

Substitution of y = dz/dr, then dividing by y = dz/dr, and recognizing
that (dx/dv)/(dy/dr) = dx/dy yield:

w_ >0
—=———1 z ;
dz Y

9)
dy 1

—=4+-—1, z < 0.
dx +y
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The variables can be separated in these equations and integrated:

Y
x=—| ——dy, z > 0;
fl+y

x=f v dy, x <0.
1—-y

These integrals can be found in any good table of integrals, and the
function can be plotted on the phase plane for different constants of in-
tegration. When plotted, the trajectories of eq. (10) would appear similar
to the sketch in Fig. 21.

(10)

dx
Y=g

ar

Fic. 21. Phase trajectories for a simple relay servo. Each trajectory is for particular
constant of integration of eq. (10).

Obtaining Time from a Phase Plane Plot. It is possible to obtain
time, f, from a phase plane plot even though the original characteristic
equation of motion cannot be solved for  and # as functions of time. To
do this use the relationship:

dx 1
(11) 7'=de= =f—dx.
dx/dr z

Equation (11) shows that if the phase portrait is replotted with 1/% as
the ordinate and x the abscissa, the area under the resultant curve re-
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presents time. This method makes it possible to obtain plots of £ and =
versus time. Graphical methods are also available for obtaining time from
the phase portrait. (See Ref. 26.)

Graphical Methods of Constructing Phase Plane

When the original characteristic equation of motion is nonlinear, the
integration of the equation obtained by the above method is difficult or
impossible. Graphical methods exist for solving the equation for a direct
plot of x versus . One of the most useful methods is the method of iso-
clines, described in Refs. 20 and 23. Other graphical methods are also
available, e.g., Lienard’s, arc-segment procedures.

Method of Isoclines. Equation (8) can be written in the form

dz N(z,y)
dy D(z,y)

(12)

Equation (12) is the slope of the phase trajectory. By setting eq. (12)
equal to a constant, the equation for the locus of a constant slope can be
obtained. One can then strike off lines of the proper slope along the locus.
After constructing sufficient loci of constant slope, the phase trajectories
can be sketched.

ExampLi. Simple Relay Servo. Fquations (9) define the loci of constant
slope for the relay servo given in the previous example.

dy 1

(9a) —=—-=1 >0
dx y
dy 1

(9b) —=—-=1, z <0.
de y

Equation (9a) set equal to a constant provides the loci in the right half-
plane. Equation (9b) describes the left half-plane.
For a +45° slope eq. (9a) becomes:

Several values are tabulated in Table 7. The isoclines are constructed
in Fig. 22.
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Fia. 22. Construction of a phase trajectory by means of isoclines for a simple relay servo.

TABLE 7. VALUEs oF IsocLINES FOR SiMpLE RELAY SYSTEM

FEEDBACK CONTROL

Value of y
Slope Left Half-Plane  Right Half-Plane
0° 1 -1
+30° 0.634 —0.634
—30° 2.36 —2.36
+45° 0.5 —0.5
—45° o0 o0
+60° 0.366 —0.366
—60° -1.37 1.37
+75° 0.211 —0.366
—175° —0.366 0.211
+90° 0
—90° 0
Isoclines
0° 1.0
- —os
30° /7’/ “—1 0,6
45° -
PN AR Y.
75° =10.2
—90° —t—t—t—+———t—t—H—t—t—t———ttt
\
T
~75° & - ¥ Y ‘\__04
— =06
—-08
—-=10
—=-12
-60° LN R K VWA VI W WV VA W W \\\ N\ ~14
\
\
\
\
\
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.

6. OTHER METHODS OF ANALYSIS

Differential Equations: Analytical Solutions

An often useful method of analytically obtaining the transient perform-
ance of a simple but useful class of nonlinear systems is by piecewise
linearization. Although the type of nonlinearity that can be treated is
restricted, higher order systems can be handled. (See Refs. 31, 32, and
33.) Other analytical methods of obtaining transient solutions are de-
seribed in Sect. 5 and in Refs. 27, 29, and 30 and their bibliographies.

Piecewise Linear Systems. Many nonlinear control systems are
linear in well-defined areas of operation. At the boundaries of these linear
areas are discontinuities which make the system, when considered as a
whole, nonlinear. For such systems the linear differential equations can
be solved between boundaries and the boundary conditions matched to
obtain a complete solution.

Since it is generally desirable to obtain a solution under steady-state
conditions (or at least as steady-state conditions are approached), the
process using differential equations becomes quite laborious if there are a
number of reversal points. This is true even for a simple second order
system, and the process becomes more unwieldy for higher order systems
where more than two initial conditions are required at each reversal point.

Normalized Performance Charts. Kahn avoided some of the labor
in the differential equation approach by using a semigraphical approach that
recognizes the fact that the initial conditions at each boundary point are
a function of the velocity at the previous boundary and the time between
boundaries. (See Ref. 32.) This method loses its value for systems of an
order higher than second. Under these conditions more than two di-
mensions are needed to represent the curves. For a higher order system,
it is necessary to have more than one initial condition for each boundary;
for example, on a third order system, it would be necessary to have initial
conditions representing both velocity and acceleration. The higher de-
rivatives would fall in the third dimension. :

Summary of Steps in Piecewise Linear Analysis.

1. Prepare the complete system equations.

2. Break the complete equations into a set of linear equatlons represent-
ing the system operation between discontinuities.

3. Determine the boundary conditions at the discontinuities.

4. Nondimensionalize the equations as much as practical.

5. Rearrange the equation or change the dependent variable to make the
dependent variable independent of the input function at the discontinuities.
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6. Obtain the solutions to the equations.” These may often be best
presented graphically.
Relay
Motor

o Vl m 1/Ky c N
__l —e Tps+1 T

F1a. 23. Block diagram of simple relay servo.
ExampLe. Piecewise Linear Relay Servo. A typical block diagram for a
relay servo is shown in Fig. 23. For the motor of the system of the figure,
m= Kvad—zc + K, e
dt? dt
From the characteristics for a simple relay

m = —V fore <0,

m = Vfore> 0.
Therefore,
K S k% v e <o
vim — 5 v = —V,I0ore M
dt? di

BT B, % Vv e > 0
m v — = ore ;
A dt ’ ’

e=7r—=~aC.

A typical transient to a step input for the servo of Fig. 23 appears in
Tig. 24. The driving voltage in the motor is reversed at each of the zero

1 2 3 4 5
2 l/\l N
. N
B
1S
[
8
&
o
0
Time

F1a. 24. Typical response of simple relay servo to a step command.
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error points 1, 2, 3, 4, 5, etc. Substitution of ¢ = r — ¢ and normalizing
the variables by substituting

()
T=1fl—)
T

&7)
z=¢e|l—r
TwV

yield for a step input:

@_{_@:—1 for z > 0;
(13) d?  dr ’ ’

_dz_x_|_d_x=l forz <0

dr®  dr ‘

The solutions to these equations are obtained by taking the Laplace
transform of egs. (13) and determining the inverse transform. The trans-
forms of eqs. (13) after the switching at 7, are

(14a) s*X(s) + sX(s) = [—1/s + sw(ra) + 2(7a) + 2(ra)le™™, 2 <O0;
(14b)  $*X(s) + sX(s) = [1/s + su(ra) + @(ra) + B(ra)le™™, z > 0;

where z(7,) = value of z at 7,
X(s) = Llx(7)],
i(r,) = derivative of z with respect to 7 at 7,
7, = normalized time of the nth switching point.

Notice that with the exception of the first closure of the relay (in the
region 0 — 1 of Fig. 24), z(r,) = 0 at the switching point and only %(r,)
affects the characteristics of the transient. The velocity just before the
relay switches must equal the velocity just after the relay has switched.
This is the boundary condition relating the two eqs. (13). To obtain a
solution to eqs. (13), it is then necessary to apply the initial conditions at
each reversal point. ‘

For eq. (14a) the inverse transform yields, when z(r,) = 0,

(15) r = —exp [_T + Tn]. - (T - Tn) + 14 "i;(Tn)[l — exp (—T + Tn)]}
: A Tpgl > T > Ty,
where 7,1 = normalized time at the n + 1 switching point.

Equation (15) is dependent only on the time from the last reversal and
the initial velocity. The time to reach the next reversal can be calculated
by setting eq. (15) equal to zero and solving for the time difference 7,4, —
7n. This equation is

—Tn Tn Tn — Tn — 1
(16) i(r) = exp (—Tnt1 + ) + Tngr ’

1 - exp (—-Tn+1 + Tn)
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The velocity at the next reversal can be obtained from the derivative of
eq. (15) at Tn41-:
(17) j:(Tn-i-l) = €xp (_Tn+1 + Tn) -1+ x(Tn) exp (—'rn+l + Tn)-

Equation (14b) can be solved similarly. Since the system is symmetrical,
the equations corresponding to eqs. (16) and (17) will be respectively
identical except for sign.

Kahn avoided the labor of obtaining repetitive solutions to eq. (15)
by plotting eqgs. (16) and (17) as shown in Fig. 25. The transient z(r)

Initial velocity, x(;,)

:Z'(a) = — - —

Final velocity, £(7, 41)

I

l

|

v .
/

Velocity, £

X

S A
Tn+1=n
(a)
Bb ) Be

HIRY | .
g ; Ba= tan—lx(a)
‘_ﬁ | B;, =tan=1x(b)
2 I P B, =tan~1x(c)

|

Time T~ T e~
(b)

Fie. 25. Plots of piecewise linear relay servo (a) performance charts and (b) method
of sketching time response from performance chart data.

can be quickly sketched by laying off the slopes, @(r,), at the switching 7
times, 7,,. The method can be extended to more complex nonlinear func-
tions than described, but practically the system must be limited to second
order.
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Methods for Analysis for Variable Linear Systems

A differential equation with time-varying coefficients can be linear; how-
ever, the useful frequency response and root locus methods are primarily
applicable to constant coefficient linear differential equations and cannot be
extended simply to the case with time-varying coefficients. This section
presents several specml techniques which can be used with variable linear
systems.

Equivalent Coefficients for Variable Linear Systems. This method
is useful where the variations are slow with respect to system response.

The designer can reduce the system to a series of constant coefficient
cases as follows: Consider the general case of eq. (18).

d™z(t)
at"

dx
+"'+(alo+al1t+"')gt+(aoo+a01t+"°)$

(18)  (ano 4 anit +4-+-)

ary(t d
= (bmo + brt +- - ) y,i)+"°+(blo+but+"')d—2:

+ (boo + bort +-- )y,

where the a;;, by, are the constants for ¢ to the kth power in the coefficient
of the ¢th derivative.

To investigate the performance at an instant of time, ¢;, substitute &
for ¢ in the coefficients. The resulting constant coefficient linear differential
equation can be treated by the usual linear constant coefficient techniques.

dar dz(t
(19) An—djﬁt)+---+ 240

amy(t) dy
= Bn— o=+ Buo o+ By(0),
where A, = @no + Gnity + anoti® +- -+,
By, = buo + bualy + bgli® +- - -.

Ultimate Stability of Variable Linear System. Kirby pointed out
a method of exactly determining the ultimate stability of eq. (18) as
t — . (See Refs. 34 and 35.) Basically one forms a new equation from
the coefficients of the highest order of ¢ in the coefficient of each derivative,
ie,

(20) aniS™ + -+ o4 agxs + agr, = 0.
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The stability of eq. (20) can then be determined by the Routh or another
stability criterion. To be applicable the order of ¢ in the coefficient of the
highest derivative must be of as high an order as any ¢ in the coefficients
of the remaining derivatives. If the same order of ¢ does not exist in the
coefficient of a derivative, then the value of a is considered to be zero for
the corresponding term in the new equation. It should be noted that the
Routh (or similar stability criterion) test for stability then cannot be ap-
plied directly to eq. (20). ‘

Because it indicates only the ultimate stability as ¢ — o, the method
is limited.

Adjoint Computing Method. The adjoint computing method is val-
uable in cases where (a) the system is linear time-varying and (b) the
performance is wanted at only one instant of time as affected by disturb-
ances at other times.

This is a powerful analytical tool and is particularly well suited for use
on analog computers.

The method is described in Chap. 24.

7. NONLINEAR SYSTEM  COMPENSATION

This section covers (@) compensation of a nonlinear system by linear
and nonlinear elements and (b) introduction of intentional nonlinearities to
improve the response of an originally linear system.

Because of the difficulty of generalizing a nonlinear system, the majority
of the published work has been either on second order systems or in terms
of a specific application. For this reason, in the following, emphasis will
be placed upon the ideas involved rather than on the details of the method
of analysis.

Compensation of Slowly Varying Nonlinearities

Missiles, engines, and many industrial processes have wide variations
of system parameters. These variations are often slow compared with the
other variations of the controlled quantities about a particular operating
point.

Such changes in system characteristics are usually the result of the
variation of an independent variable. This is the case in a ground-launched
missile. The aerodynamic coefficients vary with altitude and speed, and
since these coefficients determine the transfer function, the missile dynamic
characteristics will vary as the missile climbs and accelerates. Although
the change in gain from control surface motion to missile attitude can be
several thousand to one, these changes may be relatively slow compared
with the response of the system controlling the missile attitude.

Conversely, a slow variation in characteristics can be the result of the
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change in the dependent variable. For instance in a turbojet engine speed
regulator, the fuel to the engine is varied to maintain speed. The transfer
function of the engine varies widely with engine speed—as much as 10 to 1
from idle to top speed. However, it normally requires several seconds to
accelerate an engine of this type through this speed range which is slow
compared with the speed regulator response.

Technique for Compensation. For systems which are of the slowly
varying nonlinear type, the necessary control characteristics can be de-
termined by the following process: ‘

1. Reduce the system equations to linear, constant coefficient form by
the methods of Sects. 2 and/or 6 at a particular point in the range of opera-
tion.

2. Synthesize a satisfactory control transfer function at the particular
point by the methods of Chap. 23.

3. Repeat the procedure at a sufficient number of points through the
operating range to define thoroughly the variation of the control transfer
function that is necessary to maintain ideal performance over the range of
operation.

4. Determine the simplest method of manipulating the control transfer
funetion and still satisfactorily approximate the values determined in 3.

The change required in the control may be a simple gain change or it
may require the modification of time constants. Considerable simplifica-
tion may result from an ingenious choice of the method for obtaining the
control changes. For instance, the variation of the missile characteristics
was with altitude and speed. The control characteristics could therefore
also be changed with altitude and speed; however, it may prove simpler
to program the control changes as a function of time. If the missile path
is known in advance, the change in altitude can be rather closely predicted
as a function of time. TFor the engine control, it is obvious after some
parameter study that the gain variation of the engine is approximated by
an exponential function of fuel flow or a function of compressor pressure.
Solutions commonly adopted, therefore, use either a nonlinear fuel valve
in the controller or manipulate controller gain with compressor pressure
to compensate for the variations in engine gain. The particular method
selected depends upon many factors involved in the mechanization of a
‘particular control. (See Ref. 36.)

Practical Considerations. If the rate of change of the coefficients
approaches the response of the system, the actual system must be analyzed
in more detail. The system can become unstable if the proper combina-
tion occurs. Of equal importance, if the variation is rapid enough, the
system can actually operate satisfactorily through a zone which is un-
stable if analyzed on a small change fixed system basis. In the latter case,
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the analysis based on the asSumption of a slowly varying nonlinearity
would probably result in a stable system. However, the result of such an
analysis would probably be an overdesigned system.

Compensation of Rapidly Varying Nonlinearities

A nonlinearity which changes system characteristics at a rate which is
appreciable with respect to the response time of the system is defined as a
rapidly varying nonlinearity. ] A

All physical systems have limitations and/or restraints. These may
take the form of limitations on power, torque, amplifier output, speed, ete.,
or they may be simply the result of limited precision and appear as back-
lash, deadband, hysteresis, etc. Relay servos and other systems of this
class represent a special case wherein the nonlinearity is introduced in-
tentionally. The purpose of such a system may be, as is the case of the
relay servo, to simplify the system, or the nonlinearity may be necessitated
because of other system considerations. Regardless of the reason for their
presence in the system, if these nonlinearities have a marked change in
characteristics with variations of an independent variable in the range of
interest, they are rapidly varying and must be considered as an integral
part of the analysis of the system.

Rapidly varying nonlinearities can also be a function of the independent
variable; however, the following applies primarily to nonlinearities which
are functions of the dependent variable.

Compensation with Linear Elements: Use of Deseribing Function
Techniques. Methods of predicting the necessary system compensation
by frequency response techniques which are applicable to linear systems
have been extended to nonlinear systems with limited success. There
are certain significant differences between the frequency response of a
linear and a nonlinear system. For a linear system, the closed loop response
is defined by a single set of values and these can be uniquely related to
the transient response. Design criterion in terms of the characteristics of
the frequency response can therefore be directly interpreted into terms of
the transient response. For a nonlinear system in which the nonlinear
element has been replaced by the describing function, a different closed
loop frequency response is obtained for each value of Gp, and therefore a
single frequency response does not represent the system during a transient
which passes through the nonlinear region. Even assuming that the de-
scribing function adequately respresents the nonlinearity, it is difficult
under such conditions to specify a satisfactory design criterion in the
frequency domain which is significant in terms of the transient response.

No generally satisfactory frequency response design criterion for nonlinear
systems presently exists. .
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However, since the values of the gain and phase margin and M., and wn,
have recetved considerable use tn linear analysis, a knowledge of the variation
of these quantities is a valuable link belween the frequency response methods
and the describing function methods. Although of more qualitative than
quantitative use, it is often valuable to plot these quantities versus the
magnitude of the input variable.

ExampLE. If the M,, appears too severe, the frequency locus can be
adjusted to give the desired characteristic. Shown in Fig. 26 are the w,,
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F1c. 26. The maximum modulus 3, and the frequency of the maximum modulus wn,
of a simple relay servo as a function of the argument of the describing function for a
relay. The operating conditions and the servo frequency response are given in Fig. 27.
The uncompensated characteristics result from setting the system gain sufficiently high
to meet sensitivity requirements, i.e., setting B. Maintaining the system gain and
adding a 3 to 1 lead gives the compensated characteristics. (Note that in practice there
would have to be a 3 to 1 increase in amplification to compensate for the 3 to 1 attenua-
tion that a passive lead network would have.)

and M,, of a relay servo before and after compensation. Figure 27 shows
how G(jw) locus has been changed to improve system response by meeting
a criterion of a maximum M,, = 2. The boundary of such an improve-
ment can be quickly obtained by overlaying a Nichols chart with a graph
of the Gp locus and observing the path of the G(jw) locus on the Nichols
chart as the origin is moved along the G locus. (See Fig. 28.) If a maxi-
mum M, criterion is being used, the boundary of this M,, for all values
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Fia. 27. Log magnitude-angle diagram of a simple relay servo; operating conditions

V/B =6 db; H/B = 0.5, Curve (a) is the uncompensated system, Curve (b) is the

system compensated with a 3 to 1 lead. The cross-hatched region is the necessary

modification to the uncompensated system to meet an M, criterion of M, < 2. For

the purposes of illustration a normalized response has been used for the servo motor
and only the ratio V/B has been defined.

of Gp can be quickly sketched on the G(jw) graph. If sufficient work of
this type is performed, templates for several values of M, can be built.
The necessary compensation networks can be determined either by trial
and error or by more elaborate methods discussed in Chap. 23.
Compensation for Relay Servomechanisms. Describing function,
phase plane, and piecewise linear analyses have all been used extensively
to determine the necessary compensation. (See Refs. 11, 18, 24, 31, 32,
and 44.) The describing function method is the most useful for higher
order systems. The techniques used in the preceding example can be
easily extended to higher order systems. The describing function analysis
and experiment normally check within engineering accuracy. (See Refs. 11
and 41.) A maximum M,, < 2 criterion is generally typical in the design
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Fia. 28. Log magnitude-angle diagram showing a method of estimating the necessary
compensation by overlaying with a Nichols chart. The origin of the Nichols chart is
first placed at B/2M = 0.67 and the M contour is sketched on the log magnitude-angle
diagram. This is noted as curve (a), where My = 2 has been used for illustrative
purposes. The complete area of necessary compensation can be found by moving the
origin of the Nichols chart along the describing function locus. Another location is
shown at B/2M = 0.6, and the M contour is curve (b). The coordinates of the Nichols
' chart are shown as dotted center lines.

of relay-positioning systems. However, experience with the condition
of the particular application may dictate a different value for maximum
M,, or a different criterion. Because of the phase lag of a relay with
hysteresis, lead compensation is quite useful. Two forms of such compensa-
tion are tandem lead networks and rate feedback. The latter can be ob-
tained either from a tachometer or from motor back electromotive force.
Nonlinear compensation can also be used to achieve better performance for
a particular type of tnput. See the paragraphs on Optimum Switching
Functions later in this section for details. Such compensating networks
must be used with care if more than one type of input is to be encountered,
because the performance will vary with the form and magnitude of the
input function. (See Refs. 42, 43, and 45.)

Compensation for Saturation. For a large number of systems, it is
necessary to follow a relatively smooth input within a very small error.
In order to provide economical components, the linear operating range
of these components is usually very little beyond that necessary to follow
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TaBLE 8. TypicaL Tyres oF SATURATION ErrEcTs AND METHODS OF COMPENSATION

System Configuration and Characteristics
Block diagram

Open loop characteristic

o__ Decibels

o Phase margin

Gy = integral compensation
G5 = power element

Same open loop characteristics as Case I

Effect on System Performance

For an unconditionally stable system with sat-

uration, the relative response will be slower for
large step inputs. As the step input level is
increased for a conditionally stable system,
the system will begin to exhibit less stable
characteristics until a critical value is reached
above which self-sustained oscillations will oc-
cur. For moderate saturation, the overshoot
may actually be less than for the linear system
although the settling time will be increased.
Saturation acts like a gain reduction in the
system and for saturation to cause system in-
stability, instability must be predicted on a
linear basis for reduced gain. Oscillation fre-
quency and amplitude can be estimated within
20 to 30% by describing functions. The pres-
ence of noise with the input signal causes an
effective increase of saturation beyond that
predicted for the input signal by itself. This
effect causes an increase in the closed loop
phase shift with respect to the input signal.
See Ref. 7 and Table 1.

Same effect as Case I but a reduction in the over-
shoot with moderate saturation has not been
observed. The degree of saturation (ratio of
saturation level to input to element if the sys-
tem were linear) necessary to start self-sus-
tained oscillations in a system will vary with
the location of the nonlinearity in the system.
A difference as great as 10 to 1 between the sat-
uration from a step of r needed in the pream-
plifier and power amplifier has been noted.
(Sce Ref. 18.) Inall the cases considered in Ref.
18, it was necessary to have sufficient satura-
tion so that the gain was reduced to the point
where there was negative phase margin at gain
crossover; however, with preamplifier satura-
tion it was necessary to exceed this level of
saturation considerably to cause self-sustained
oscillations.

(@

®)

Possible Methods of Compensation

Eliminate or reduce the integral compensation for large signal
inputs;-e.g., typical magnitude and phase angle curves are
shown at the left. It is obvious that if the gain is reduced suf-
ficiently, the region of negative phase margin will cause insta-
bility. However if a nonlinear compensating network is used
which for large errors eliminates or reduces the integral com-
pensation, satisfactory performance can be obtained. The
dotted line shows the frequency response after such a change.
There are a number of methods by which such changes in the
compensation can be obtained. (See Refs. 18, 38, and Table
10.) The circuit constants are normally set experimentally.
Modify the basic system operation for large signal levels. This
is essentially an extension of (a). However the basic mode of
operation is also changed. Examples are dual-mode servos
wherein the mode of controlling the power element is changed
with signal level, and two-speed servos wherein the feedback
signal gain is lowered. (Actually, in practice, the takeoff is
from a different speed shaft which gives rise to the appellation
two speed.) (See Refs. 39 and 40.) Often the signal used to
switch the feedback signal is used to modify the compensation
networks.

(a) See Case I (a) and (b). Power amplifier saturation is similar

®)
@

to torque saturation for which the dual servo techniques have
been developed. (See Refs. 23, 40, and Table 10.)

Use of tachometer feedback around the saturation is effective.
(See Case IIL.)

If in place of G} the integral compensation can be accomplished
by a filter (lead) network around the saturating element, the
system can be so designed that, as the system saturates, the
compensation automatically becomes less and the system will
not become unstable with saturation. (See Ref. 2.)
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Same open loop characteristics as Case II1

For a conditionally stable system saturation, the

gain is reduced in the tachometer loop lower-
ing the crossover frequency, wi, which lowers
the phase margin at the position loop. There
are two possibilities: (1) The phase margin at
the normal position loop crossover frequency,
we, will be lowered until the system becomes
unstable at the normal crossover frequency,
we. (2) Thetachometer loop becomes ineffec-
tive before (1) occurs, and the position loop
gain will be lowered forcing the crossover
frequency down into the region where the
phase margin goes negative on account of the
integral compensation. - The effect depends
upon the constants of the particular system be-
ing considered. For (1) the oscillation fre-
quency will be approximately the crossover
frequency. For (2) the frequency of oscilla-
tion will be closer to the integral compensation
time constants.

Effect similar to Case L

(a) Instability is not normally a serious consideration.

(b) The problem can generally be avoided by achieving the com-
pensation by a filter in the tachometer feedback rather than
in tandem elements in G).

(a) Eliminate saturation if possible.
(b) See Cases I(a) and (b) and II(c) above.
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the input within the maximum allowable error. When such systems are
synchronized on a new operating condition or subjected to violent disturb-
ances, they will inherently be highly saturated. This leads to reduced
performance. In addition, because such systems often use integral com-
pensation to achieve high values of low-frequency gain, this can also lead
to serious overshoots and the attendant longer settling times or even in-
stability. Normally the requirement on allowable error is not as necessary
during the synchronizing period, and a reduction in performance can be
tolerated. The major concern is, therefore, that the system should settle
rapidly and stably from large signals. The effects of saturation and the
methods of compensation for such systems are summarized in Table 8.
Compensation for Backlash. The effects of backlash and load res-
onance are the major limits on the performance that can be achieved with
a power servomechanism. The great quantity of published material attests
to the serious consideration that has been given to the problem. (See
Refs. 13, 14, 15, 18, and 46 to 52.) However, thoroughly satisfactory
methods for circumventing the effects of backlash are not available.
+ The bastc effects (see also Table 5) are illustrated by the system of Fig.
29. For large input signals, the backlash is quickly taken up and has
very little effect upon performance. For low-level signals approaching the
magnitude of the backlash, the backlash tends noticeably to disconnect
the load from the motor during signal reversals. Heuristically it can be
seen that this will cause the load to lag farther behind the motor than with
a linear system. Conversely because the motor is disconnected from the
load, it will accelerate faster than normal in the backlash zone and the
motor position will therefore tend to lead the normal response. When
considered in terms of frequency response, if the primary feedback is from
the load, the effect of backlash increases the lagging phase shift and de-
creases the loop gain; if the primary feedback is from the motor, the effect
of backlash on system performance is much less severe and it actually
introduces a leading phase shift into the loop. For low signal levels, if
the load damping is viscous, the linearized equations of Fig. 29 can be used.
For low signal levels if there is appreciable Coulomb friction present, its
effects will. predominate. and 'the use of hysteresis to represent the back-
lash is more correct than the equations of Fig. 29. Therefore, it is neces-
sary to evaluate carefully the type and extent of the damping present.
If the damping is viscous, the frequency of oscillation caused by backlash
will generally be at or higher than the normal linear gain crossover fre-
quency. If the damping is of the Coulomb type, the frequency of oscilla-
tion will be lower than the gain crossover frequency. The amplitude in
either case will be small (one to several times the backlash angle, normally).
Methods of analysis. Phase plane, piecewise linear, and describing func-
tion methods of analysis have been used successfully. The describing



NONLINEAR SYSTEMS 25-57

Reflected torque

Va g - O /]
201 Hol FierioialHsb el
> calral -
Kp/R  1[dys { Backlash 1dys .
[k} | | |
'k, | D
e —I L

Primary load feedback
Basic linearized equations:

sOr, (1/Ko)awr wm

— )

a J
v 8 4 [26 + wmls? + [(1 =+ ——L) awr? + 25wm] s + awr? [25 —J—l—/ + wm] :
: Jor I
sy (1/K)wnls® + 285 + wi]
Va 3 2 Jr 2 2 Ji ’
#4126 + onls® + [ (1 + 22 awr? + 260 | 5 + awr [2a—+wm]
Jur Iu
where a = |Gp |, magnitude of describing function for deadband;
K
om = £1 , motor time constant without load;
JyaR
Ky

wr? = T load mechanical resonant frequency;
L

D
b= —= , load viscous damping.
2Jr,

Other constants are defined in Table 5.

Fig. 29. Typieal shunt d-¢ machine and load with backlash representation. The basic
linearized transfer functions are given in a nondimensionalized form.

function methods are the most generally useful for a paper study. How-
ever, the complexity of the problem warrants the use of an analog com-
puter for thorough investigations.

As just noted and in Table 5, the representation used for backlash will
vary depending upon the constants involved. If the hysteresis representa-
tion is chosen, the usual describing function methods of analysis can be
used. If the more complex representation of Fig. 29 is chosen, the method
of equivalent coefficients, Sect. 4, is recommended.

General Design Considerations. In the design of a power servomech-
anism, the following basic effects should be given consideration:

1. Use of tandem integral compensation increases the magnitude of
sustained oscillations. The effect can be reduced by the use of dead space.



TABLE 9. UseEruL CORRECTIVE

Type of
Corrective
Measure Techniques for Backlash Compensation
1. Mechan- (@) Improved precision. The backlash can be reduced by improving the
ical de- grade of gears used and the tolerance on the center distances, by hav- -
sign ing adjustable center distances, or by numerous other special design

and/or assembly procedures.

(b) Spring loading. There are various methods for mechanically spring
loading the gear trains to take up the backlash. One method used in
lightly loaded gear trains is shown at the right. This can be extended
to the point where the entire gearing is completely divided and one-
half spring loaded against the other half. This takes up the backlash
throughout the entire gear train.

(c) Split drive. By using two driving motors biased in opposite directions
and separate gear trains for each motor, the motors will drive against
each other to the extent of the bias and take up any backlash. A hy-
draulic drive of this type is shown at the right.

(d) One speed motor. Eliminate the gearing by driving the load directly
from the motor shaft. (See Ref. 52.)

2. Divided (a) Solid motion feedback. Consider the idealized backlash at the right.
reset There must be a point with a displacement somewhere between the
displacements of J,, and J, that responds only to the externally ap-
plied forces. The displacement of this point (center of mass) is called
the solid motion. All supplementary motions of J» and Jp, relative to
the solid motion must then be due to mutual forces that occur upon
collision or separation and the momentum of the supplementary mo-
tions must be equal and opposite. Instrumenting the solid motion
would give a signal which did not contain the backlash effects. This
point cannot be physically instrumented but by adding signals from
the load and motor in the proper proportion the supplementary mo-
tions can be cancelled and only the solid motion will remain, From
the principles of conservation of momentum:

_ I Jr i
Ju +JL Jo + T "

where #, is the rate of change of the solid motion. (See Refs. 14, 15,
and 49.) A method of instrumenting the technique is shown at the

&m +

Es

right.

(b) Artificial damping. Reducing the load-resonant peak and increasing
the apparent load-resonant frequency ameliorates the backlash ef-
fects. This can be done by the proper feedback of the relative load
and motor motions. . This includes position, velocity, and acceleration
differences. A configuration containing such a feedback is shown at
the right. The circuit constants can be determined by frequency
response techniques by assuming the system to be linear as in Fig,
29. Experimental adjustment will be necessary.

3. Network  (a) Dead zone compensation. Backlash oscillations are low amplitude.

compen- Use of a dead zone in the error channel opens the loop to low amplitude

sation signals and will stop certain types of backlash oscillation. (See Ref.
il&})l The dead zone will be the same order of magnitude as the back-
ash.

(b) Frequency-sensitive networks. Compensating networks, gain changes,
parallel-tandem networks, etc., can be used in combination with dead-
band or separately to get the desired gain-phase change at low signal
levels. (See Ref. 28.) Lead networks are particularly effective in
compensating for the lagging phase shift of backlash.
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Typieal Diagrams
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Jy, = load inertia
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General Remarks

There are many other methods besides the
two shown for mechanizing the concepts
of (b) and (c). (See Ref.49.) In general,
these methods are costly and increase the
friction and wear in the gear train.

Electric and hydraulic models of one-speed
motors have been built and tested. The
low-speed high-torque requirement makes
the electric unit bulky and heavy.

General mechanical design considerations
are outlined in the text.

When the feedback (or reset) is from (or di-
vided between) the motor and the load, it
is called divided reset. The concept as dis-
cussed is highly simplified and in practice
the configuration and constants will have
to be adjusted to suit the particular case.
When J 5, 3> J, the motor and the center
of mass follow closely and rate feedback
from the motor alone is effective in damp-
ing the system. Approximate schemes for
obtaining the rate feedback from the mo-
tor back emf, etc., are often adequate.
Solid motion position feedback can be ob-
tained in the same manner; however, this
position signal can differ from the actual
load position by as much as BJ,,/(J» +
J1), and often the addition error cannot
be tolerated.

Feedbacks of the type in (b) are very effec-
tive. Generally, position feedback alone
is sensitive to system parameter varia-
tions; rate and position feedback in com-
bination are quite insensitive; accelera-
tion feedback is very sensitive. Position
difference feedback increases the resonant
frequency, and rate difference feedback
increases the damping.

This method has been used for drives with a
low-load inertia to motor inertia ratio (re-
ferred to the same speed), and with suffi-
cient friction to keep the foad from much
coasting. Under these conditions, it is
effective and the error is small. More
complex schemes of sensing the proper
time to modify the gain characteristics
are possible but usually are not justified.
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(See Table 9, item 3.) The effects of integral type compensation achieved
by tachometer feedback and .a lead filter have not been as thoroughly
documented. However, the same general tendency is apparent. .

2. Increasing the load mechanical resonant frequency, (Kz,/J1)%, reduces
the magnitude of the sustained oscillations.

3. It would be desirable to have mechanical load damping ratios greater
than 0.1. These would probably be undesirable on larger drives because
of the large power loss involved. However, there are methods of increasing
the damping electrically (see Table 9). ‘

4. Primary feedback from the motor gives more stable operation than
from the load. '

Table 9 summarizes various methods of compensating for backlash.

None of the schemes is perfect in the practical case, but all provide a
certain relief from the problem. The final choice usually includes con-
siderations of weight, size, and cost, as well as performance.
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F1c. 30. Typical nonlinear compensating circuits. As shown the circuits vary with the

input variable but circuits (@) and (c) can be adapted to vary with an independent

variable: (a) nonlinear gain circuit with characteristics that vary with input voltage to

increase gain for low-level signals; (b) resistance characteristics of the voltage sensitive

resistor Ry; (c) nonlinear time constant circuit that reduces the time constant for large

input signals; (d) nonlinear time constant circuit that eliminates the time constant and
reduces the low-frequency gain for large input signals.
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Nonlinearities to Improve System Response

Nonlinearities used for improving system performance in general in-
volve methods for (a) reducing the response time and/or (b) minimizing
overshoots by more fully utilizing the performance available in the power
element(s). Many of these methods. accelerate the system rapidly for
large errors and increase the relative damping for small errors so that
operation is smooth (very stable). Table 10 summarizes several typical
methods of nonlinear compensation and refers to typical circuits shown in
Figs. 30 and 31.

l/ Tach.
/| !

Nonlinearity

(a)

Input to ampligiér

° Error . '\/V\a

. R
o ”
I

§R2 ‘ ' R,

TS TO

)
(b Feedback

Fig. 31. Typiecal nonlinear feedback compensating circuits: (a) nonlinear rate feedback

to minimize overshoot from large signals; (b) nonlinear stabilizing circuit for switching

feedback compensation for large errors or feedback rates. To obtain the proper char-
acteristics it may be necessary to use an isolation amplifier at (z).

R\C;>> RyCy

Because of the difficulty of specifying the required characteristics
mathematically and the impracticality of instrumenting the ideal charac-
teristics for all but the simplest systems, nonlinear compensation is ob-
tained by empirical means in practice.
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TasLE 10. TypicAL NONLINEAR METHODS OF COMPENSATION

Block Diagram

K ] e |
1 = J,_-l. Jp—

Nonlinear
network

e

-

G = lirrear elements

H

l Nonlinear

] network

Description of Technique

Gy is the transfer function of the d-¢ output mo-

tor, G is the transfer function of a convention-
al tachometer and the dotted block represents
the transfer function of a second tachometer in
which the term x denotes the product of Kj and
sc. The field of this second tachometer is ex-
cited by the amplifier error signal so that the
output is proportional to the error magnitude
times the output speed. This output is sub-
tracted from the output of the first tachometer
and results in a value of damping which is low
for large errors and which increases as the error
decreases (Ref. 54).

Generally, the relative damping is decreased and
the frequency response increased. For in-
stance, the solid curve represents the normal
response for small signals, and the dotted curve
the response for large signals.

T -

\, Vs Large error gain increase
\\

Decibels

This is the same basic approach as (2), but the
feedback allows gain and time constant changes
to be made as functions of error and the deriva-

‘tives of the error. This can be used to alleviate

the problem of reaching zero error with high
derivatives existing. The needed functions are
nonlinear but can often be approximated ade-
quately by 'linear circuit components and di-
odes.

General Remarks

It is possible to choose values such that this system will
give a very fast initial response to a step input with
no overshoot. However, if a step input in one direc-
tion is followed by an unequal one in the opposite
direction before the error caused by the initial step
is corrected, the system can become unstable (Ref.
45). This tendency toward instability can be cor-
rected by limiting the magnitude of the term |ele
to some experimentally determined maximum value.

The increased bandwidth can be accomplished by ad-
justing either the controller gain and/or time con-
stants. Both methods have been used with success
(Ref. 36). Operating on the time constants of the
stabilizing network is particularly desirable. This
allows the reduction of energy storage elements in
the system which can give undesirable lags in syn-
chronizing. Typical circuits to give gain and time
constant change with signal level are shown in Fig.
30. Circuit constants are determined experimen-
tally. Since the performance of the system is de-
pendent upon the characteristics of the inputs, one
must completely define the input.

Figure 31 gives two typical eircuits for accomplishing
nonlinear feedback compensation. Circuit (a) is a
modification for a standard tachometer stabilized po-
sition servo. The form of the feedback function de-
pends upon the servo characteristics (see Optimum
Switching Techniques). Circuit (b) is a more elabo-
rate feedback circuit where error and feedback rate
are combined to switch from normal feedback to a
feedback which provides more rapid response. Note

c9-5C
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4. Optimum
switching
tech-
niques or
minimum
response
time
systems

Switching
function

Optimum switching is the controlled switching of
power to the motor to reduce the error and its
derivatives to zero in the minimum possible
time, recognizing only the limitations on the
performance of the motor. For example, the
optimum response to a step input of a second
order system with torque limiting is to acceler-
ate at the maximum rate about halfway and
then switch and decelerate at the maximum
rate for the remaining distance. By proper
selection of the switching point the system will
arrive at zero error with zero error rate, and if
the torque is removed, the system will remain
at rest with no further corrective action. See
the example in the text. Table 11 gives the op-
timum switching functions for several second
order systems. The number of switching points
needed to respond in the minimum time to a
step input is (n — 1) where n is the order of the
system. (See Ref.24.) Excessive switching at
low signal levels can be avoided by having a
small deadband at the null. Smoother opera-
tion for small signals can be obtained by chang-
ing the mode of operation and having a small
linear band at null. This has been called dual
mode operation. (See Ref. 23.)

that for high feedback rates and low errors the switch
will open (the diodes stop conduction) and normal
stabilization will come into play during synchroniza-
tion. Under extreme conditions the switch may ac-
tually reverse polarity to allow rapid deceleration.

It is difficult to mechanize the optimum switching func-
tion for systems higher than the second order. How-
ever, the optimum performance can be approached
closely without going to the complexity of (n — 1)
switching points. This approximation can be made
analytically by deriving a nonlinear function (of one
variable) that gives a response that approaches the
optimum response. This technique is explained in
Ref. 57. The approximation can be arrived at em-
pirically by using the basic second order system
switching functions and modifying them by experi-
ence and experiment to provide satisfactory perform-
ance for higher order systems. The optimum switch-
ing technique is not limited to relay servos. The
“switching’ can be the saturation of some element in
the system. In any case the optimum response is
obtained only for the designed input; i.e., systems de-
signed for step inputs show poorer response for veloc-
ity inputs. Because the optimum response is the
minimum time that a power element can make a
correction it provides a good basis for rating system
performance. The ratio of response time to the op-
timum response time is a useful index of system per-
formance. (See Ref. 55.)

SW3LSAS ¥VINITINON
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Exampie. Optimum Switching Technigques to Obtain Minimum Time
Response. (Refer to Fig. 32.) It is assumed that the amplifier gain is

Motor
Torque 1 Cc
T s(Js + D)

Amplifier

Nonlinear rate
feedback, f; (c)

Fi1g. 32. Nonlinear control system with a very high gain amplifier and torque satura-
tion =T'.

sufficiently high so that the motor operates with full voltage on it for all
but very small errors. The system equations are:

+T,, = Jé + D¢,
(21) - m = e — f(&),

e=r—c,
where ¢ = de/dt, ¢ = d’c/df?,

~+ T for m > 0,
- =Ty form < 0.
For a step input of r:
FT,, =Jé+ De,
(22)
m = e — fi(é).

Equation (22) can be solved independent of time to yield a series of
trajectories in the phase plane, Fig. 33. The coordinates of this plane are
error, e, and error rate, é

There is only one trajectory which passes through the origin, and it will
provide the optimum system response if the torque to the motor s reversed when
this trajectory s reached.

From Fig. 33, it is seen that proper choice of the function (e, é) = ¢ — f(é)
will provide the intelligence to perform the necessary switching function.
A nonlinear tachometer feedback will then provide the necessary switching
information.
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f(e) = optimum switching line
Optimum switching
. point for input

Maximum
deceleration

at =T, Error rate, e

Maximum
acceleration
at + Ty,

E, Error, e

F1g. 33. Phase portrait of the performance of the control system of Fig. 32, showing

the optimum switching line where the torque must be reversed to bring the system to

rest with no overshoot. When the quantity ¢ — f(¢) goes to zero, the torque should
be reversed.

Optimum Switching Functions. The form of the system character-
istic equation will dictate what the optimum function should be. Several
typical cases as derived in Ref. 56 are given in Table 11.

TasLe 11. TypicaL OprimuM SwiTcHING FUNCTIONS FOR SECOND ORDER SYSTEMS
witH LiMitep Torqug, Ty

System Torque Equation Optimum Switching Func-
Type (See Fig. 32) tion in the Fourth Quadrant
d% ‘- 27, . de
Undamped +T, _JW ele| =56 e=
. Viscous damped +T, = dt2 + D e=— ? (1 eD)
7
. _de b
T a

o T E T;
Coulomb damped » +T,n — Tyle) = dtz + D ele| =2 7 (1 +E> e

de

6=E

¢ Ty(¢) is positive for ¢ > 0 and negative for ¢ < 0 and is a constant in either case.
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1. DESCRIPTION AND DEFINITION OF SAMPLED-DATA SYSTEM

Definition of Sampled-Data System. Systems which operate on
data obtained at discrete intervals of time are called sampled-data systems.
The information obtained at a particular instant is called the sample.
Normally the intervals are equally spaced in time and the amplitude of the
sample is proportional to the amplitude of the signal.

Characteristics of Sampled-Data Systems

Basic Elements. Figure 1 shows the basic elements of a sampled-data
system: the sampler and the continuous elements. They may appear in
various configurations, and there may be more than one sampler in the
system. The output from the sampler is a train of pulses which is denoted
by a starred symbol; that is, the output of a sampler whose input is e(f) is
written e*(t).

‘ 26-01
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Linearity. If the continuous elements are linear, the sampled-data
system is linear and the superposition theorem is valid. A sampled-data
system has regular time discontinuities, but the techniques of analysis
by the use of solutions of the linear constant-coefficient differential equa-
tions of the system are directly applicable.

e*(t) | Controlled c(t)
Sampler system g
(2)
e(t) o

(] (c)

Fig. 1. Sampled-data system and sampler input and output signals: (a) simple sampled-
data system; (b) continuous error function; and (¢) sampled error function.

The Sampler. The sampler acts as a pulse modulator of the input and
generates a train of pulses. This action introduces high frequencies into
the system which may be attenuated by a linear filter. The information
contained tn the input signal may be recovered with reasonable fidelity if the
sampling frequency is at least twice the highest frequency component of the
input signal. Tigure 2 shows the effect of sampling frequency upon the
frequency spectrum of the output of the sampler.

Use of Samplers. Sampled-data systems may be used for several
reasons:

1. To use a digital computer as part of the controller. The input data
must be in sampled form.

2. To use simpler, low-powered control elements.

3. To realize the beneficial effect which sometimes accrues when sampled-
data systems are used for the process control of plants having inherent
dead time.
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Fic. 2. Sampler transfer characteristics in the frequency domain. (a) Amplitude
spectrum of sampler input; (b) amplitude spectrum of sampler output, sampling fre-
quency greater than twice the maximum. signal frequency; (¢) amplitude spectrum of
sampler output, sampling frequency less than twice the maximum signal frequency.
w; = sampling frequency (Ref. 5). Reprinted by permission from J. D. Truxal, Auto-
matic Feedback Conitrol Systems Synthesis, Copyright 1955 by McGraw-Hill Book Co.

4. To use pulsed-data information. The input information may be
available in discrete samples as in a guided missile control system or as in
certain track-while-scan radar systems. Sampled-data systems may be used
to advantage where digital sensors are already available.

Description of Typical Sampled-Data Systems

Digital Computer in the Controller. Tigure 3 shows a typical digital
system. The sampling and coding unit converts continuous data into
pulsed data. The digital computer performs a series of operations on the
pulsed data and presents the results in pulsed form to the holding and
decoding unit which reconverts the results into (approximately) continuous
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signals for use by the continuous control equipment. The feedback may
transmit the data in either pulsed or continuous form.

Sampling | * Holding !
rt) | and bigtal | | and . q‘f]‘;g:;:m o)
coding computer decoding .
unit unit (conventional)
Feedback

Fic. 3. Typical sampled-data control system. Conventional control equipment is
continuous. -

In practical operating systems, a typical method of converting from a
continuous variable available as a shaft rotation to a binary code number
which represents its magnitude and polarity is to use an encoding device
such as a circular binary pattern shown in Fig. 4. The circular tracks may

i ; .

F1g. 4. Circular binary pattern for analog-digital conversion. The lines across the

pattern show that accurate angular position of the photocells or brush contacts is
necessary to avoid errors in conversion.

be scanned radially with a photoelectric cell or brush pickoffs. . The output
will be the binary pulse code which represents a particular position of the
circular binary pattern; the pattern shown can resolve a circle into 28 = 64
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parts. Although the encoder shown is for angular rotation, devices have
been manufactured for conversion of pressures and flows to digital form.
Techniques for converting analog voltages to digital form are also available.
(See Vol. 2, Chap. 20.)

Periodic Process Controller. A typical sampled-data regulator for

process control is shown in Fig. 5.
: e

Control idd ‘
actuator Process
Feedback
Periodic switch
closed when
t=nT

F1a. 5. Typical sampled-data process regulator.

The typical stepwise process controller monitors the controlled variable
periodically (every nT) and makes a control adjustment at each sensing
instant. In process regulation, the usual (and perhaps the most useful)
form of control actuator is a servo motor, which serves as a low-pass filter
and also serves to reset the error detector. The following description of a
periodic controller is taken from Oldenbourg and Sartorius (Ref. 1).

Meter coil
(grror signal)
2

Motor
armature
lead

[l

D-C servo motor

To process contro) valve

Fig. 6. Schematic form of a periodic controller (chopper bar relay) (Ref. 1).
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From a constructional standpoint, the periodic controller operates about
as follows. Through a sensing device, such as a meter pointer, the control
variable is observed at equal time intervals. Then, by auxiliary power,
additional members of the control loop are suitably actuated according to
the sensed position of the pointer.

ExampLiE. The Chopper Bar Controller. See Fig. 6. As long as the
meter pointer stands between the two contact springs the circuit remains
broken, even during the sensing instants. It is closed only when the pointer
leaves its mid-position. The duration of closure increases with deviation
of the pointer. If the contact closure is used to actuate a reversible
constant-speed motor, the control action is called astatic (never quiet)
because, with constant actuating error, the control motor moves inter-
mittently across its entire range at an average speed (roughly) proportional
to the pointer deviation. Although periodic controllers may have static
correspondence between deviation and motor motion, astatic action will
" be assumed here because of its greater practical significance (Ref. 1).

2. METHODS OF TRANSIENT ANALYSIS

Basic Mathematical Relationships
Analysis of Sampler. The output of the sampler (see Fig. 7) is the in-
put modulated by the sampler into a train of pulses:

0

) e*(t) = e()) i uo(t — nT) = 25 e(nT)uo(t — nT),
n=0

n=0

where uog(t — nT) = the impulse or Dirac delta function occurring at
t = nT, in which .
u(t —nT) —u(t — nT — a
ug(t — nT) 2 lim ( ) ( ),
a—0 a

T = the sampling period,
n = an integer,
e(nT) = the value of the input at the sampling instant.

The Laplace transform of.eq. (1) may be written:

0

@) E*(s) = 22 e(nT)e™™"™,

n=0

or eq. (1) may be written in the frequency response form:

0

1
3) EXs) = 1 > E(s+ jn2x/T).

N=—0w0
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e(t) . e*(t) | () c(t)

F1c. 7. Showing basic mathematical relationships of a sampler.

Note. Equation (3) may be derived by performing the complex con-
volution of the input ¢(¢) and the train of unit impulses generated by the
sampler, namely

(4) E*(s) = E(s)@& [ > ult — nT)] ;

n=0
where ® is the symbol denoting complex convolution.
Notice that
0 .
£[Zu0(t—nT)] =14 4+ ¢ 27 4...

n=0

_ 1
T 1= exp (—sT)]

or in closed form:

Because has only simple poles at s = jn2x/T, the complex
[1 — exp (—sT)]
convolution reduces to eq. (3). :

Smoothing the Sampled Data. Normally, the high-frequency com-
ponents generated by the sampler are removed before the signal reaches
the output. Often in sampled-data servo systems, a large portion of the
smoothing is accomplished by the components (motors, etc.) between
the sampler and the output. Sometimes more smoothing is necessary.
One particularly simple low-pass filter is the holding circuit or boxcar
generator. In this circuit, the value of a sampling pulse is held until the
next pulse arrives, whereupon the circuit assumes the value of the new
pulse. The transfer function of such a network is that of a rectangular
pulse of unity height and of T seconds duration, namely

1
(5) . Gu(s) = ;[1 — ¢

Response of a Continuous Filter to Sampled Data. The response
of a continuous transfer member g(£) of Fig. 7 is

(6) c(t) = 20 gemTug(t — nT).

n=0
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Equation (6) has the La,place transform
@ CC() = B*9)G().

Equation (6) is a summation of the filter impulse responses which are
excited by each sample and is valid only for the case of zero initial condi-
tions. When this condition is not met, a second term must be added to
eq. (6) to include the decay of the nonzero initial conditions. Since the
system is linear this is not important when considering the stability of the
system, but it must be included if a time response is being calculated.

The response of the filter only at the sampling insiants is:

Vl
0

® ) = 3 e(nT)uolt — nTg(uolt — (g — mT],

n=0

which has the following Laplace transform:
©) : C¥(s) = B*)G*(),

where
G*(s) = Llg*(®)] = LlgOuo(t — nT)).

Sampled-Data System Transfer Function. From eq. (9), the
sampled-data transfer function or pulse transfer can be defined as

C*(s)
E*(s)

(10) G*(s) =

An equivalent form in terms of the z-transform symbolism is indicated
ineq. (11). (The z-transform is defined and illustrated in a later paragraph.)

C(?)
(11) Gl = s

Laplace Transform Analysis

It is possible to use the equations of the previous section to obtain the
complete time response, c(t). However, the Laplace transforms are not
rational and it requires considerable labor to obtain the complete response.
If the response is calculated only at the sampling instants, the transforms
can often be written in closed form and the labor of calculation and manipu-
lation is greatly reduced. The z-transform method is usually used to com-
pute the response at the sensing ‘instants. (See z-Transform Analysis,
Sect. 2.)
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Analysis by Difference Equations

The analysis of sampled-data control systems leads to characteristic
equations, which are difference equations.

Formulation of the Difference Equations. Difference equations are
discussed in Chap. 4. A simple example will illustrate the analysis of a
control process by difference equations.

ExampLE. (See Fig. 8.) The following simplifying assumptions are
made: (a) The displacement of the control means, m, is linear and unlimited.

me
Control valve Process
—> Influx 1/(Tes + 1)
Supply c(t)
i Controlter " ]
0
KJs o\C e(t)
e(nT)
(a)
—yMe
ro + e(t) m; /L o(t)
> o] K15 Oz UTes+1)
- (b)

Fic. 8. (a) Simple process control. (b) Elements of process control equivalent to (a).
Note. e(t) = ro — c(t); this quantity is dimensionless.

(b) The plant has a simple time constant, T.. (¢) The controller is lag-
free, i.e., the sensing and positioning times are negligible.

The disturbance is assumed at the most unfavorable instant (Just after
sensing). The control means, m, changes instantly at the sensing instant
and remains at its new value throughout the sensing cycle.

The analysis is quite simple. Inside a sensing cycle, the behavior of
the plant is continuous and may be described by the linear differential
equation

T, de(t)

T dr

+elt) =ro— mi+m, =rg—m
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where T, = the plant time constant, seconds;
T = the sampling cycle, seconds;
e(?) = the controlled variable error, dimensionless:
e(t) = ro — c¢(t), c() is the controlled variable, ry is the set
point, all parameters nondimensional and normalized;
r = {/T, dimensionless time;
m = the net value of control means, dimensionless;
m; = the manipulated control means, dimensionless;
m, = the disturbance of the control means, dimensionless.

By using the Laplace transformation it can be shown that the solution
to eq. (1) at the nth sensing instant is

(12) en = Den_y — (1 — D)my_y,
where e, = value of the controlled variable at the nth sensing instant,
en—1 = value at the (n — 1)th sensing instant,
D = exp (—T/T.), the decrement characteristic of the plant and of

the sensing cycle,
mp—_1 = value of the control means at the (n—1) sensing instant.

Now consider the behavior of the variable m at the sensing instants.
The relationship is assumed to be linear:

(13) My, — My = Key,

where K is the strength of the controller and is called the specific step.
The minus sign in eq. (13) provides the negative feedback needed for
regulation of the variables.

Equations (12) and (13) are the simultaneous difference equations of
the control action.  They lead to the difference equation of the system,
namely,

(14) " enye — [L + D — K — D)lents + De, = 0.

Solution of Linear Difference Equations. The linear homogeneous
difference equation may be written:

(15) A06n+q + Alen-l-q-—l +---+ Aq—len+l + Aqen = 0.
If the roots are not equal, eq. (15) has the solution:

q
(16) en = 2, aiz,
1=1

where z; is a root of the auxiliary equation,

17) At + A oot Ag_gz + Ay = 0.
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The coefficients of eq. (17) are identical with those of eq. (15). Equation
(17) is often called the characteristic equation of the system.
With q distinct roots the general solution is

(18) en =.0121" + 092" + azzs™ - - -+ agzg".
If k roots are equal the solution is
(19) e, =[a; + agn +- -+ an* " + apaze” -+ agzei™

Thus, the values e, at any sensing instant may be computed. The ¢
summing constants a; are determined by the first g of the ¢’s at the sensing
instants. The characteristic equation with wvanishing roots has special
significance as will be discussed later.

Use and Limitations of Difference Equation Method. If the prob-
lem is dominated by the sampler, that is, if there is a rather simple control
loop whose servomotor is actuated by a periodically applied measurement
of the error, this type of analysis is simplest. It is also well to remember
that the difference equation method and the z-transform method are
synonymous. For higher order systems, the difference equation approach
becomes laborious, so that the more methodical z-transform method be-
comes advantageous.

Analysis by z-Transform Method

Usefulness. The z-transform is the shorthand rational way to write
the Laplace transform of the linear difference equation. It has the same
relationship to linear difference equations as the Laplace transformation
bears to linear differential equations. The advantages of the z-transform
are: (a) it reduces the nonrational Laplace transform of a sampled-data
system to a rational transform which facilitates writing transfer functions;
(b) it allows definition of the closed loop system response of a sampled-
data system (no advantage over difference equations).

Limitations. Tables of the more complex z-transforms are not readily
available and the polynomials must be expanded into partial fractions.
A fundamental limitation of z-transforms is that the time solutions are de-
fined only at the sensing instants.

Hidden Oscillations. Because the time solutions are calculated only
at sensing instants, it is possible that the sampling frequency may be
lower than the characteristic frequency of the plant being controlled, and
oscillations may occur which are not apparent from the z-transforms. If
such a condition is suspected the z-transform can be modified to give the -
output between the sampling instances and the existences of such oscilla-
tions ean be checked. (See Refs. 4 and 5.)
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Basic Relationship. The z-transform is based on the transformation
(20) z =e7,

where s is'the Laplace operator and T is the sampling period. The Laplace
transform of the sampled signal will contain s in the irrational form

e™™T.  Substitution of z will produce a rational transform in z. The z-
transform is defined as
[« ]
(1) Ck) = X cnT)z™
n=0
Table of Useful z-Transforms. See Table 1.
TaBLE 1. LAPLACE AND z-TrANsFORMS (Refs. 2, 5)
Column 1 Column 2 Column 3 Column 4
Time Description of
Row Laplace Transform Function z-Transform Time Function
Impulse function
1 13 1
¢ ) att=0
_ 1 Impulse function
b e—nTe up(t — nT) = att = nT
1 ; Train of impulses
c S — i) at sampling in-
1—¢Te z—1 stants
1 (4 .
d 5 u(?) p— Step function
1 Tz .
e e t @ -1 Ramp function
Quadratic or ac-
5 l ip ir2 2+ celeration func-
s8 (z — 13 tion
1 —at z Exponential fune-
g s+a ¢ z —e ol tion
B a sin at zsin aT Sinusoidal func-
s? 4 a2 22 —22cosal + 1 tion
‘ 1 atlT z Constant raised
s—=(1/T)ha z—a to power ¢
. b a!!T sin bt za sin bT Sine wave multi-
J [s — (1/T) In a]? + b2 22 — 2az cos bT 4 a? plied by a*/T
k s—(1/Dlna ' cos bt 2(z — a cos bT) Cosine wave mul-
[s — (/T In a]? + b2 22 — 2azcos bT + a? tiplied by o*/T
Fs + a) e~ (1) F(eteTz) Effect of multipli-

cation by ¢~
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Methods of Inverting s-Transformation.

Real Inversion Integral. The real inversion integral for the z-transform is

(22) c(nT) = 5% ¢C(z)z”"1 dz,

where the line integration is made of a sufficiently large radius to enclose
all roots of the integrand.

Partial Fraction Expansion. The z-transform is factored into com-
ponents so that each term in the expansion can be obtained from Table 1.
The usual methods for partial fraction expansion are applicable. (See

Chap. 20.)
Power Series Expansion. From eq. (21)
> _ c0) o(T) (2T
(23) C@)= X emDe™ = —(+—+——+--,
n=0 4 z z

which thus expands the z-transform of a variable in an inverse power series
in 2. - The coefficient c¢(nT) of z~™ is the value of the variable at the nth
sensing instant, and the coefficients can be used directly to plot the time
function af the sampling instants.

s-Transform Block Diagram Algebra. The z:transform describes
the transfer function of two variables at the sensing instants only. Figure
9q illustrates the transform R(z). Figure 9b shows the transform

(24) Cy(2) = B(2)G1(2),

and Fig. 9¢

(25) Co(2) = R(2)G1(2)G2(2).
(@) r(t) o/C .r*(t)

® 10, O | e

@ MO, IO S e je
o ol
@ 1O, SrOrET erlica®

|

Fi1g. 9. Basic z-transform relationships,
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In words, if each transfer member is separated from others by synchronous
samplers, the z-transforms cascade, i.e., they can be multiplied. But
notice that if the transfer members are not separated by a chopper, the 2-
transform cannot be obtained by multiplying together the z-transforms
of the component members. In continuous systems where coupling exists
between transfer members a similar . difficulty is encountered. For ez-
ample Fig. 9d has the transform:

Ca(z) = R(2)G1G2(2).

Consider
G(s) = —— Gi(e) = ———
! _s+1’ ! z—-exp(—T),
1 z
and Go(s) = sr2 ; Ga(2) = m'
Then
C.(2) _ 22
R(z) [z — exp (= D)z — exp (—27)]
whereas ’
' Ca(2) z B 2
Ri). [z—exp(—T)] [z2— exp (—2T)]
L zlexp (—T) — exp (—27)]
[z — exp (—T)][z — exp (—2T)]
NotE.

G1(2)G2(2) # G1G2(2).

The difference is that in the first case, G is driven by a train of impulses,
whereas in the second, it is driven by the linear response of G4 to its own
input pulses. A helpful concept is that the z-transform of a chain of transfer
members must be derived from chopper to chopper in the circuit. Table
2 shows some control loops, their Laplace transforms and their z-transforms.
The output ¢ may be assumed to be sampled by an imaginary chopper
(synchronized with the real one), resulting in ¢(nT'), although this im-
aginary chopper must be disregarded in traversing the complete control
loops. '
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TaBrLE 2. Ourpur TRANSFORMS FOR Basic SAMPLED-DATA SysTEMS®

z-Transform

Laplace Transform of OQutput
System of Output C(s) C(2)
1 —_ A R*(s) R(2)

2 ——fo}ere  GR¥(s) GR()
3 Lrobf o |—=— G()R*(s) GR()

-~ ”El— G(s)R*(s) G(2)R(2)
— 1+ HG*s) 1+ HGR)
Rl
] 20| & ot GH)R*(s) _ GERE)
=1 1+ H9)Gs) 1+ H?)GE)
L4
20 - H(s)RG*(s) __RG()
6 e G(s) [R(s) pEps HG*(s)] T+ HGE)
; =0 of o= Ga(s)RG1*(s) _Gy9)RGi(z)
1 + HGle*(S) 1 + HGsz(Z)

a This table is reprinted from an article by Ragazzini and Zadeh (Ref. 2) w1th the
permission of the authors.

3. SAMPLED-DATA SYSTEM STABILITY

Stability Criteria of Difference Equations and z-Transforms

The solution of the characteristic difference equation with nonequal
roots is

(26) ¢, = c(nT) = i az".

i=1
Now if ¢(nT) is to remain finite even for large n, then

) z" <1 or |z|<l

In words, the inequality (27) states that, for stability of the sampled-data
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system, the roots (or zeros) of its characteristic difference equation must
lie inside the unit circle with center at the origin. The unit circle in the
z-plane is the periodic limit of stability corresponding to the Routh-Hurwitz
stability criteria.

The Routh-Hurwitz Stability Criteria. This is used in linear control
theory and may be applied to sampled-data systems by using the conformal
transformation

(28) s

z+1
_z—l

This transformation changes the unit cirele in the z-plane into the left half
of the s-plane as shown in Fig. 10. If the Hurwitz conditions are applied

s-plane

Firg. 10. The linear transformation s, = (z + 1)/(z — 1), used for deriving stability
conditions from the difference equation of control.

to the characteristic equation (subjected to the transformation of eq. 28),
the conditions can be found which cause the roots of the transformed
equation to lie in the left half of the w-plane. Hence, the roots of the
characteristic equation must lie within the unit circle in the z-plane. As
an example consider the second order characteristic equation

(29) A.()Z2 + Alz + Az = 0. )
If the transformation (eq. 28) is used, the transformed equation is
(30) 3082 + B13 + Bz = 0,

where By = Ag + A; + Ao,
' By = (4o — 49),
B2 =A0-A1+A2.

In the simple quadratic case, the Hurwitz criterion requires for stability
only that all these coefficients have the same sign. Therefore, the periodic
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stability limit of the second order eq. (29) is defined by the dual condition
(if Bo > 0):
B; >0 or Ag— A; >0,

@D
Bz>0 or AO—A1+A2>O.

The above procedure can be extended to higher order systems.

Use of Frequency Response Methods to Determine Stability

Nyquist Diagram. FEzact Graphical Procedure. The Nyquist diagram
can be drawn by considering G(2) rather than G*(s). The complex plane
plot is made by allowing z to vary along a unit circle in the 2-domain. The
gains and phase at any frequency are found by locating the point on the
unit cirele (2-domain) corresponding to this angular frequency. The inter-
pretation of the Nyquist diagram follows conventional lines.

ExampLE.  Simple sampled-data system (T = sampling period) (this
example is after a similar example by Truxal, Ref. 5):

K [1 1 ]
Gs)=—=K|-— ,
s(s+1) s s-+1
2 ] _ Ke(1 -
z—l—(z—e_T) —(z—l)(z—e_T)'

o = |

for w; = 4 rad/sec,

2 6.28 |
) —— = L5T; ¢ = 0208,

Ws

0.792Kz

GO = TG 0208)

The unit circle in the z-plane would appear as in Fig. 11. The vectors are
shown for 1 rad/sec. At w = 1rad/sec,

z =1/90°,
0.792K1/90°

G*(j1) =
(1) 1.414/135° 1.0216 /101.8°

K
0.86 — /—146.8° ;
. T~
likewise
K
G*(j2) = 0.52 ? /180°.
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Imaginary z

1 rad/sec

\B = 1.414/135

AN
AN
\ AN
\c = 1.0?2[101.a° AN !
2 rad/sec 0.208 0.5 Re z

3 rad/sec

F1a. 11. Pole-zero configuration for G(z), with vectors shown for calculation of Nyquist
diagram at w = 1 rad/sec

K
G(s) = ;(.S—-I-T),
and w; = 4 rad/sec.
Continuing the above for other frequencies, a Nyquist plot, G*(jw), si-
milar to that shown in Fig. 12, could be produced.

Comparison with Amplitude Modulation. Graphical Approxi-
mate Nyquist Plot. Linvill applied the Nyquist diagram to sampled
systems based on an approximation for the starred open loop transfer
function:

1 2]
G*(s) = — 2, G(s ¥ jnws).
T N=-~—00
If G(s) is a good low-pass filter, G’*(s) will contain only two or three signi-
ficant terms. For example G*(j1) is the vector addition

G*(j1) = /DIGGL) + G(L — jws) + GG + jos) +---].
If the sampling frequency is 4 rad/sec,
G*(j1) = [G(J1) + G(—73) + G(j5) + G(—j7) + - 1(1/T).
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270

Fia. 12. Nyquist diagram for G*(s) with G(s) = K/s(s + 1), K/T =1, and w; = 4
rad/sec (constructed by using two-term approximation) (Ref. 5). Radial scale numbers
are in terms of 7'/K; circle spacing is 0.1257 /K.

All terms except G(j1) and G(—33) would be small if G(s) is an effective
low-pass filter.

The graphical construction on the G*(jw) plane is shown in Fig. 12,

Nore. The value of G*(jw,/2) is purely real. At frequencies above
ws/2 the Nyquist diagram continues into the upper half-plane until it
reaches infinity at the sampling frequency. The only part of the diagram
of interest in stability considerations is the section corresponding to fre-
quencies lying between zero and w,/2.

The example illustrates that sampling, by itself, increases the phase
lag for a given gain. From the Nyquist diagram the maximum gain for a



26-20 FEEDBACK CONTROL

stable system is read directly. If only the two terms are used in the series
expansion of G*(jw) the allowable K/T is 2.5, if all are used, the K/T is
1.94. The gain in the first case is 3.93; consideration of the rest of the
terms reduces the allowable gain to 3.05, since in this example, T' = 27/4
= 1.57.

4. SAMPLED-DATA SYSTEM SYNTHESIS

Design Procedure Using z-Transforms

This section is based upon material from Ref. 4.
The typical sampled-data system of Fig. 13 will be used for #llustration.
The error unit embodies both the analog-digital transducer, which peri-

r—————— 1
Error unit |
— |
Input Digital to Motor- | Qutput
P Subtractor >~ analog > C(gtr{ol}er —>— amplifier
converter elz Gn(2)
i Transducer
|
-

F1c. 13. The basic digital servo system.

odically expresses the angular position of the output shaft as a number in
binary code form and the digital subtractor which takes the difference of
this number and the incoming one. The characteristics of the servo motor-
amplifier combination differ for different applications. They are assumed
to be known and invariant, so that the problem is to synthesize a suitable
controller. The following z-transforms will be used:

G.(2) = z-transform of the controller,
Gn(2) = z-transform of the motor-amplifier combination,
Go(2) = z-transform of the open control loop,
G(z) = the closed loop z-transform.
z-transform of the forward path
1 4 Go(2) .

Performance Criteria. It is useful to assess the performance in terms
of the responses to specific driving functions such as a step function, a
steady velocity or acceleration, a sinusoidal input of various frequencies or

(32) Gk =
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a random noise. Any or all such tests may be applied and, since improve-
ment in one respect is often accompanied by deterioration in another, it
will be necessary to compromise. Such overriding factors as the demand
for zero velocity lag must take precedence. The servo amplifier may over-
load if it is fed a series of discontinuous pulses representing samples. Its
input must be reasonably smooth, and the correction due to one error
number will not be complete before the next is begun.

An equivalent system is shown in Fig. 14. The system delay, AT, is
now shown with the motor amplifier. The controller has two parts, the
first of which is characterized by its z-transform, G4 (z), and it modifies the
sequence of correction samples supplied to it. The modified sequence is

]<—G1(2)——>|<———G2 Gm(z) ——
| |
Input } i | { Motor- Delay Output
— Ga(s) > amplifier p—
I L Gm(s) AT
—<—— Controller—>— .
Go(2) )

F1c. 14. A system equivalent to that of Fig. 13.

smoothed by the second part, characterized by its transfer function Gy(s),
which provides a continuous signal for driving the servo amplifier. This
subdivision is unlikely to correspond to any physical separation of the
components. The composite expression G1(z) * G5(s) may be called the
“operational instruction” of the controller. The * symbol is used in this
case to separate the sampled and continuous portions of the operational
instruction and indicates that the information input to the continuous
elements is in sampled form.

Knowing G,.(s) and the performance requirements, it should be possible
to specify Ga(s). For example, the motor amplifier may have the simple
transfer function 1/[s(1 4+ T,s)], where the time constant, T,,, is probably
smaller than the sampling interval. To avoid sudden changes in velocity,
G (s) need only be 1/s.

The next step is the determination of a suitable Gy(z), taking into account
all the overriding factors. The fact that Gy(z) may be expressed as the
ratio of two polynomials N(z)/D(2) is also used.

Physical Realizability. The order of N must be at least one less than
that of D.

Poles at z = 1. To have zero static error, the function Gy(z) must
possess at least one simple pole at z = 1. A second order pole at z = 1
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would provide zero velocity lag and a third order pole, a zero acceleration
lag characteristic. .

Cancellation of Poles and Zeros. The characteristic equation of the
system is D(z) + N(z, A) = 0. The parameter A indicates the need for
checking the values of the system variables between sensing instants. The
system will be unstable if any root lies on or outside the unit circle (z) = 1.
One may be tempted to arrange by adjustment of parameters for the can-
cellation of a zero by a pole so as to eliminate the root which would other-
wise lie outside the unit circle. It is better to increase the sampling fre-
quency. This point cannot be emphasized too strongly, particularly be-
cause it is tempting to deal with the special case of no system delay, but
this can result in instability that would then be revealed only when the
behavior between sampling instants is investigated. See Ref. 5.

Design Constants. The suggested method of synthesizing a system is
to match the characteristic equation with one known to give satisfactory per-
formance. Lawden et al. (Ref. 6) has used equations of the form (z — a)” =
0, although when 7 is a small number, it may be desirable to depart from this
form. Oldenbourg and Sartorius (Ref. 1) show that minimum econtrol
area (see Condition for Minimal Control Area, later in this section) results
from the case of vanishing roots, namely z* = 0. Examples relevant to
continuous systems may well be suitable for sampling systems. The
procedure is to arrange for N (2) and D(2) to include between them a number
of constants which are adjustable in the design stage. This number should
be equal to the order of the characteristic equation. It isalways possible to
do this, because two additional constants are picked up each time the order
of the characteristic equation is increased by one. The characteristic
equation 2" = 0 leads to minimum control area, but if there is noise present,
very little smoothing is provided; as a result, the servo amplifier may be
transiently overloaded or driven into saturation. The characteristic equa-
tion (z — 0.4)” has been used by some authors to provide smooth and
satisfactory performance in the presence of noise. Analysis of a representa-

" tive second order sampled-data system by Jury (Ref. 7) leads to the results
of Fig. 15, which shows the constant overshoot loci in the z-plane. It can
be shown that these loci can be used for higher order systems. Note that
a system which has no overshoot has its characteristic roots on the positive
real axis. The values of the roots must be less than unity.

The simplest expression which meets all the above requirements is the
expression Go(2). Dividing it by GoGn(z) gives G1(z), the first part of the
operational instruction.

The Operational Instruction. It remains to decide how standard
components may be assembled into a system having the required opera-
tional instruction, G4(z) * Go(s). The s-part must describe the properties
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Imagnary

Real

l<1.20>
140 —>
My, = 1,60 ——>

\ -08 =06 =04 -02

Fic. 15. Constant overshoot loci in the z-plane for a unit step input, M, = ratio of
values transient peak to steady state (Ref. 7).

of the digital-analog converter included in the error unit. This converter
may perform the function of a clamp, which has the operational instruction
(1 — e*T)s™!. Other functions of s may be obtained by the usual syn-
thesis procedures and may lead to further terms in the z-part. This usually
leaves an expression in z which is required for the rest of the operational
instruction. Generally, such an expression is of the form

Ao+ A+ A2+ -+ A"

33
( ) 1 + Blz_l + B22_2 + . + B,z"'

This function may be synthesized in many ways; one way of constructing
its physical counterpart is with the aid of r delay elements (each equal to T').
The output is obtained by the summation of delayed components pro-
portional to the coefficients in the numerator. The correct denominator is
obtained by negative feedback of the delayed components proportional to
the coefficients in the denominator.

ExampLE. Synthesis of a Simple Analog System. Figure 14 shows the
simple system to be synthesized, and the following assumptions are made
regarding it:

(a) The servo motor and amplifier are constructed so that the rate of
rotation of the motor is proportional to the voltage applied to the amplifier.
The transfer function is G, (s) = K/s.
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(b) The transducer samples and introduces a delay, T, the effect of
which is to multiply the z-transform by 2z~

(¢) There must be zero static error; hence Gy(z) must include the
factor (z — 1) in its denominator. ‘

(d) There shall be no sudden changes in output velocity. The law of
motion shall be quadratic between sampling instants. Hence Go(s) = s 2.
Therefore, Go(s)Gm(s) = Ks™3 and GoGn(2) = KT?2(z + 1)/2(z — 1)3,
the z-transform being found directly from Table 1.

The z-Transform of the Loop. This is

KT?Gi()(z + 1)
20— 13

It contains the required factor (z — 1) in the denominator. It must also
contain adjustable design constants such that the characteristic equation
can be forced into one known to be suitable such as (z — a)® = 0. The
simplest expression for G;(z) which adds two further constants without
increasing the order is '

(34) Go(2) =

(35) ‘ Gi(2) = (z — 1)’/(z° + Biz + Bo).

The operational instruction for the controller is therefore
z—1)2

(36) ( )

(22 4+ Byz + By) * 52

The z-transform of the operational instruction is obtained by replacing
s~2 with its z-transform, T2(z — 1) ™2, which reduces eq. (36) to Tz(z% +
Byz + By)71. The characteristic equation is

(87) 22+ (B — )22 + (By — By + 1/2KT?)z + (1/2KT? — B,) = 0.

The simplest third order equation this can be identified with is 2® = 0.
Choice of the characteristic equation 22 = 0 is known to produce the most
rapid recovery from a transient disturbance. (See Condition for Minimal
Control Area, later in this section.) If KT? = B; = 1and B, = 15, Go(2)
can be written

(38) Gol) = (z+ 1)(22 — 2z — 1)L,
The closed loop z-transform in response to a pulse is
(39) G(2) = Go(d)[Golz) + 1177,

or

G(z) = 3272 + L5,
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Design Procedure Using Frequency Response. The design proce-
dures of linear techniques discussed in previous chapters are applicable.
Nyquist and Bode diagrams may be used after the transfer function has
been obtained. In working with the Nyquist diagram, it can be seen that
lead compensation will increase the bandwidth of the system. If the
sampling frequency is not increased, no additional high-frequency informa-
tion will be passed. This illustrates a difficulty which one may encounter
in the synthesis of sampled data systems.

Design Procedure Using Root Locus Techniques. As in frequency
response techniques, the root locus could be used as an aid for synthesizing
sampled-data systems. However, it can be shown that the desired root
locus is the positive real axis in the z-plane. - As previously mentioned, the
characteristic equation 2" = 0 is known to lead to the fastest recovery of
the system from a disturbance. If noise is present (z — a@)” = 0 is the
desired characteristic, where a is a number between zero and 1. As Jury
has shown (see Fig. 15), the loci of constant overshoot also illustrate that
the positive z-axis is the desired place to locate the roots of the characteristic
equation. The circumference of the circle in the z-plane having unity
radius is the periodic limit of stability.

In summary, the sampling frequency controls the bandpass and thus
the speed with which the system can transmit information. The roots of
the characteristic equation should be placed as near the origin as permissible.
Placement at the origin is known to produce the liveliest system; if noise
is present, the roots must be moved along the positive real axis in the
z-plane toward z = 1. It should be noted that in many practical cases
the above simple criterion for performance will have to be modified for
one or more practical reasons. In such cases the approach suggested is
to use the above rules for the first approximation and then to introduce
the other considerations.

Performance Charts for Typical Sampled-Data Systems

Performance Index: Control Area. To evaluate the results of com-
putations and to choose the most favorable conditions of operation, the
concept of control effectiveness, measured by the smallness of the control
area, is very useful. For continuous controllers, the control area is de-
fined as :

(40) ' F = f e(t) dt.
0

For sampled-data controllers the calculation is not so simple, except in
one - case, when the control process has the initial value of zero at the first
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sensing instant. In this case (which leads to the largest control area) the
control area is

(41) = > e T = sampling period.
n=0

T

It can be seen the control area is the error-time integral.

Condition for Minimal Control Area. The characteristic equation
with vanishing roots, namely 2" = 0, has the least control area. Such a
system can be shown to recover most quickly from a disturbance. How-
ever, if there is noise present, or if such a characteristic equation is physi-
cally unrealizable, the characteristic equation (z — a)" = 0 is used. It
is used in the presence of noise to provide smoothing of the impulses, and
it is used in the second case so that normal system components may be
employed. '

Second Order System with Dead Time and with No Compensa-
tion. (See Fig. 16.) The characteristic equation for this system is

(42) 2+4[K(1 —D/L) — (1 + D)t + D — KD — 1/L) = 0,

where L = exp (—T45/T,) and D = exp (—=T/T.)."
If T < Tp < 2T, the equation becomes

(43) 22 — (1+ D) +[D + K(1 — D*/L)]z + KD(D/L — 1) = 0.

Dead time does not increase the order of the characteristic equation as
long as Tp, < T. When T < Tp < 2T, the order of the equation is in-
creased from 2 to 3. Further increase of the dead time (or shortening of
the sensing time) leads to successively higher order characteristic equa-
tions, and it can be shown that the equation becomes transcendental for
the case of the continuous controller. It can be shown that the controlled
variable never oscillates if all the roots lie on the positive axis of the z-plane
between 0 and +1. This fact is used to force eq. (42) to have a double
positive root less than.unity. The control factors leading to this aperiodic
limit are shown in Fig. 16. It is not possible to cause the roots to vanish
(i.e., 2" = 0) unless compensation is added. Adding compensation in-
troduces two arbitrary constants into the characteristic equation. The
two extra constants can be used to design the system characteristic for
vanishing roots.
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Fi1c. 17. Excu;sionidepéndent periodic control with rate action, on a plant with first
order time constant and dead time; parameters for optimal response (Ref. 1).

Second Order System with Dead Time and Rate Stabilization.
(See Fig. 17.) This system leads to the equation

(44:) A022 + Alz + Ag = 0,
where 4o =1, - )
A, =K(Q1 - D/L)+ T1/T.-D/L — (1 + D),
Ay = D[1 + K(1/L — 1) — Ty/T,-1/L),
L =exp (=TL/Te),

D= exp (_T/Tc)’
M = step disturbance in m,
F = control area.

The control area will assume an absolute minimum if all the roots vanish.
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This limit arises when A;/Ay = 0 and A5/Ag = 0. These conditions are
called optimal because they lead to least control area. They are valid
only in the range 0 < T'1/T. < T/T.. The control area increases steadily
with T'/T, so that if one is free to choose T'/T', the most favorable operating
conditions are obtained when T = T;. The action following a step
disturbance inside the control loop is shown in Fig. 18. The parameters
for optimal response are shown in Fig. 17.

Intervals <12
/’—_‘
-~
Z1
2p=0 20=0 ¢
>~
Tc = TL
t
m
b o

Fic. 18. Example of a difference equation of second order with vanishing characteristic
values (Ref. 1).

Third Order System with Dead Time and with Delayed Rate
Compensation. The system of Fig. 19 leads to the following character-
istic equation:

(45) A()Z3 + A122 + Azz + A3 = 0,

where Ag = 1,
K(1 —D/L+pQ) —1—D—Q,

Ay = K[D/L(1 + Q) — pQ(1 + D) — D — Q] + D + DQ + Q,
As = DQIK(1 + p — 1/L) — 1],

Q = exp (—T/Tr), and L, D, M, F are defined above (see eq. 44).

=
I

Here again optimal response is possible with its finite control process
similar to that shown in Fig. 18. The parameters for optimal response are
shown in Fig. 19. :

Comparison of Continuous and Sampled-Data Controllers. If
the process has no dead time, sampled-data control is decidedly less favor-
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Fic. 19. Excursion-dependent periodic control with retractile followup, on a plant with
first order time constant and dead time; parameters for optimal response (Ref. 1).

able than the corresponding continuous control. Figure 20 shows the
relationships which are present when there is dead time in the plant. If
the control areas of sampled-data and continuous controllers without stabsli-
zation are compared at the aperiodic limit, the two upper solid lines of Fig.
20 are obtained. For small values of the dead time, these two curves can
hardly be distinguished from one another. Decidedly different relations
are present, however, if the controller includes a stabilizing device, since
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then a control response which terminates in a finite time can be had
with a sampled-data controller. A comparison of control areas, Fig. 20,
shows that sampled-data control gives appreciably better results. To be
sure, the combination of parameters which eauses vanishing roots of the
characteristic equation is not possible for arbitrarily small dead times
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Fia. 20. Comparison of optimal control areas, continuous versus periodic controllers,
on a plant with first order time constant and dead time (Ref. 1). Basic plants similar
to those of Figs. 16, 17, and 19.

because, among other things, the gain required becomes smaller than is
practically possible. It should be entirely acceptable to have somewhat
overdamped response when the dead time is small.

Summary. Aside from constructional considerations, the sampled-data’
controller is most appropriately used when the control loop has consider-
able dead time and the controller is provided with a stabilizing device.
Without the latter the behavior of a continuous controller is basically
more favorable. However, with short dead times or a short sensing cycle,
the differences between the two forms are so slight that constructional
considerations alone can dictate the choice. It need hardly be explained
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that the frequency and the form of the disturbance can be decisive in the
choice of one or the other type of controller. The length of the sensing
interval, T, is one of the most important considerations in the design of
sampled-data systems. If possible it should be chosen equal to the dead
time, T7. If the specifications on the controlled response do not permit
such a long sensing cycle, the sensing cycle must be shortened at the ex-
pense of less damping or the dead time must somehow be reduced. If
the dead time is very short, continuous controllers may be indicated, but
the performance of sampled-data controllers should also be entirely ac-
ceptable. - o '
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INDEX

A-c control systems, 20-79
components treated as d-¢ compo-
nents, 20-83
design, 20-83
A-c servomechanisms, see A-c¢ control
systems
A-c systems, carrier frequency shlft
23-52
compensating networks, 23-48
Accuracy, of control, 19-06
dynamie, 20-70
error coefficients, 20-74
statie, 20-70
Adams and Bashforth method, 14-59
Adjoint, of control system, 24-13
integral equation, 6-06
matrix, 14-37
of square matrix, 3-08, 3-09
Algebra, fundamental theorem, 2-02, 7-15
of sentences, 11-05
Algebraic equations, 2-01
roots of, 2-03, 2-04
Allocation models, 15-31
Amplifiers, power (table), 20-24
Amplitude ratio, maximum, 22-03
Analog data, continuous and discontinu-
ous, transmission, 18-04
Analogies, 20-07
d-¢ and a-c, 20-83
elements (table), 20-08
impedances (table), 20-55
and operation, 11-01, 11-02, 12-01
Argument principle, 2-05, 7-11, 7-14
Assignment problem, see Operations re-
search, linear programming

Attenuation diagrams, see Bode dia-
grams
Autocorrelation function,
24-02
calculation, 24-06
computers, 24-10
of noise, 17-08
nonstationary inputs,- 24-09, 24-10
range of =, 24-07
relation to spectral density, 24-06
sample length, 24-08
stationary inputs, 24-06
Autocorrelation spectrum, 17-07, 17-14

17-05, 17-24,

Backlash, 25-30, 25-34
compensation, 25-56, (table) 25-58
" corrective techniques (table), 25-58
gears, 25-58
Bandpass frequency, 22-03, 22-09
Bandwidth, 19-16
effect of zeros, 23-15
Baseband signal, in data transmission,
18-11
Bayes theorem, 12-03
Bendixson theorem, 5-19
Bernoulli distribution, 13-04
Bessel, equation, 7-24
function, 7-24
inequality, 6-05
Beta function, 7-26
Binary coding, see Information theory,
codes
Binary operation, sets, 1-08
Binary relations, sets, 1-05, 1-07
Binit, 16-08
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Binomial coefficient, 4-07
Binomial distributions, 12-16, 13-04
Bit, 16-08
Block diagrams, 20-56
algebra, 20-61, 26-13
feedback control, 20-56
manipulations, 20-61, (table) 20-62
z-transform, 26-13
Bode diagrams, 21-29
application, 21-40
basic building blocks, 21-31
construction, 21-31
in drawing Nyquist plots, use of, 21-43
Nyquist criterion rephrased, 21-31
sampled data systems, 26-25
stability analysis, 21-30
Boolean algebra, 11-01
algebra of sentences, 11-05
atom, 11-10.
complete, 11-10
distributive, 11-10
implication, 11-06
and logic, 11-05
postulates, 11-02, 11-04, 11-10
propositional functions, 11-05
quantifiers, 11-06
relation to set theory, 11-04
sets, 1-10
Sheffer stroke operation, 11-10
Stone representation, 11-09
symbols (table), 11-02
symmetric difference, 11-03
Boolean functions, 11-08
canonical form, 11-08
minimal polynomial, 11-08
Boundary value problem, 14-61, 14-72
conformal mapping, 10-09
integral equations, 6-03
Boxcar generator, 26-07
Bridged-T network, 23-49
Brock and Murray method, 14-60
Butterworth-Thomson filters, 17-28
transitional, 17-30

Canonical form, 1-08
- Boolean functions, 11-08
matrix, 3-10, 3-12
partial differential equation, 14-68
Carrier frequency shift, sensitivity to,
23-52

Carrier systems, 20-79
modulators and demodulators, 20-80
suppressed, 20-82
Cartesian product, sets, 1-04
Casorati, theorem of Weierstrass and, 7-12
Cauchy inequalities, 7-08
integral formulas, 7-07
integral theorem, 7-06
residue theorem, 7-13
-Riemann equations, 7-05
Cauchy method, 14-66
Cauer’s method of synthesis, 17-26
Cayley-Hamilton theorem, 14-32
Center, phase portrait, 25-38
Central limit theorem, 12-18
Channel, see Information theory, chan-
nels
Channel capacity, see Information
theory, channels
Characteristic equation, 8-03, 20-28
difference equations, 4-04
differential equations, 5-05, 5-13
roots and stability, 20-53
sampled data system, 26-11
and stability, 21-03
Characteristic functions, of the random
variable, 12-14
Characteristic polynomial, 3-11
for a matrix, 14-29
Characteristic value, 3-11
integral equations, 6-02
Check codes, 16-35; see also Codes; In-
formation theory
Chi squared (X2) distribution, 13-05,
(table) 13-19
Chopper bar controller, 26-05
Circuit simplification, 20-07
aids, 20-10
Classical methods of analysis, 20-28
Clippinger and Dimsdale method, 14-60
Closed loop, advantages, 19-12
frequency response, 22-03
from open loop response, 21-72
and open loop roots, relation between,
22-15
poles, 22-04
response, approximate, 21-80
roots, iterative process, 22-16
Closed loop poles, relation to system
characteristics (table), 23-12
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Closed loop poles and zeros, determina-
tion of open loop poles and zeros
from the, 23-15
Closed loop pole-zero location, 19-20
Codes, see also Information theory,
codes
error correcting, 18-11
error detection, 18-10
for transmission, 18-07
reflected binary, 18-07
Coefficients, equation, second order sys-
tems (table), 20-46
Communication theory, 16-01; see also
Information theory
Compensation, 23-01; see also Networks,
d-c, compensation and Nonlinear
systems, compensation
a-c systems, 23-48
backlash, 25-56, (table) 25-58
control systems, 23-01
d-c components, 23-18
d-¢ electric networks (table), 23-29
dead zone, 25-58 *
feedback, 23-21
load disturbances, 23-09
mechanical networks, 23-42
phase lag and lead, 23-18
rate feedback, 23-21
rate and lead network, 23-24
saturation, 25-53 (table), 25-54
typical nonlinear methods of (tables),
25-61, 25-62
Complement, sets, 1-03
Complex functions, 7-02
analytic, 7-04
analytic continuation, 7-16
convergence, 7-08 [7-21
defined by linear differential equations,
definite integrals, 7-03, 7-15
elliptic, 7-18
examples of, 7-03
harmonie, 7-04
hypergeometric equation, 7-23, 7-25
identities, 7-04
integral theorems, 7-05
Laurent series, 7-08
mapping, 7-03
poles, 7-12
power series, 7-08
removable singularity, 7-12

Complex functions, residues, 7-13'
Riemann surfaces, 7-17
singularities, 7-12, 7-13
zeros, 7-11
Complex plane, 7-02
plots, 20-54
typical, 20-67
Complex variables, 7-01
formulas, 7-02
Component equations (table), 20-02
Components, analogous (table), 20-08
error detectors (table), 20-18
power amplifiers (table), 20-24
Computer, analog, noise studies, 24-13
autocorrelation, 24-11
for feedback control analysis, 19-20
Computer, digital, controller, 26-03
storage requirements and number of
operations, differential equations,
ordinary (table), 14-63
differential equations, partial (table),
14-87
eigenvalue problem (table), 14-48
matrix inversion (table), 14-27
systems of linear equations (table),

14-27
Conformal mappings, 10-01, (table) 10-06,
21-12 .
application to boundary value prob-
lems, 10-09

by elementary functions, 10-06
equivalence, 10-04
geometric meaning, 10-03
linear fractional transformations, 10-05
Schwarz-Christoffel, 10-08
theorems, 10-02
Continuous elements, 26-01
Contours of constant M and «, 21-73
Control accuracy, 19-06
Control area, 19-06
Control precision, 19-06
Control ratio, 19-06
peak, 19-16
Control systems, see also Feedback con-
trol; Nonlinear systems; Sampled
data systems; Servomechanisms
a-c systems, 20-79
adjoint, 24-13
analysis, classical method of, 20-28
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Control systems, block diagrams, 20-56;
see also Block diagrams
compensation, 23-01; see also Com-
pensation
design in the presence of noise, 24-15
equations, examples, 20-05
first order, response, 20-36
fundamentals, 20-01
open-closed loop, 23-54
optimization, 24-18
representation, 20-01
response, by correlation technique,
20-27
response “characteristics, 22-02
second order parameters, 20-44, 20-46
response, 20-39
stability, see Stability
types 0, 1, and 2, 20-67, 23-02
log magnitude diagrams, 23-01
representative plots, 20-67
typical applications (table), 20-69
Controllers, continuous and sampled-data,
see also Sampled data system
comparison of, 26-29
periodic, 26-05, 26-25
Controller synthesis, 19-13
Convergence, power series, 7-08
Convolution, Laplace, 9-08
Convolution integral, application, 20-53
approximated, 20-53
Corner frequency, 19-06, 22-09
Correlation, and signal structure, 17-09
functions, see Autocorrelation; Cross-
correlation
Correlation technique, system response,
20-27
Cote’s formulas for integration (table),
14-11
Coulomb {friction, 25-33, 25-56
simplified, 25-31
Cramer rule, 3-09, 14-20
Crank-Nicholson method, 14-84, 14-87
Cross-correlation, function, 17-08, 17-24,
24-03
" spectrum, 17-09
Crossover frequency, phase margin at,
approximation, 22-43
Curve fitting, 14-06; see also Numerical
analysis, curve: fitting

Curve fitting, least squares, 13-14
procedure, transient, 23-04
Curve matching, 20-27

Damping, absolute, 19-15
factor, and degree of stability, 23-06
ratio, 19-15, 20-44
approximation, 22-41
oscillatory transients, 20-50
viscous, dashpot, 20-02
Darlington, Tchebysheff-, filters, 17-32
Dashpot, 20-02 !
Data transmission, 18-01
analog, 18-04, 18-21, 18-29
noise and error, 18-21
codes, see Codes
decoder, 18-08
digital, 18-05, 18-30
noise and error, 18-21
distances, 18-02
echoes, 18-22
and equalization, relationship, 18-24
tolerance, 18-26 °
encoding, 18-07
equalization, 18-22
error, influence of noise on, 18-21
standards, 18-05
facilities, 18-02
impairment, 18-18
modulation, 18-11
amplitude, 18-13
vestigial sideband, 18-14
frequency, 18-15
pulse code, 18-15
multiplexing, 18-11
auxiliary signal, 18-16
frequency division, 18-15
time division, 18-15
noise, see Noise
nominal effective band, 18-12
power density spectrum, see Power
density spectrum
prediction, 18-10
pulse shape, 18-12
quadrature components, 18-14
vestigial sideband transmission,
18-28
real time, 18-04
ripple, 18-25
tolerance, 18-26
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Data transmission, signal-to-noise ratio,
18-14
critical, 18-21
symbols, 18-01, 18-06
teletypewriter, 18-17
transfer functions, 18-23
vestigial sideband, 18-14, 18-28
D-c¢ generator, transfer function, 20-14
D-¢ motor, backlash, 25-57
transfer funection, 20-14
with inertia load, 20-06
D-c systems, compensating components,
23-18
Dead band, deseribing function, 25-22
Dead time, 19-06, 19-14
sampled data systems, 26-26
Dead time and rate stabilization, sampled
data systems, 26-28
Dead zone compensation, 25-58
Decibel, gain- conversion, 21-44
Decoders, 16-07
Decoding, data transmission, 18-07
methods, 18-10
Decrement factor, 19-15
Delay time, 22-03
describing function, 25-23
Delta function, 8-06, 9-07
Demodulators, modulators and, 20-80
Descartes rule, 2-04
Describing functions, 19-20, 25-13
accuracy, 25-15
amplitude sensitive nonlinearities
(table), 25-22
backlash (d-¢ shunt motor driving
load), 25-30
simplified (high load damping), 25-31
compensation, 25-50
complex nonlinearities (table), 25-30
convergent point, 25-18
Coulomb friction, simplified, 25-31
dead -band, 25-22, 25-24
delay time, 25-23
divergent point, 25-18
frequency variant, 25-20
granularity, 25-23, 25-28
hysteresis, 25-22, 25-25, 25-27
limitations, 25-15
log-magnitude-angle plane representa-
tion, 25-17 ‘
method of equivalent coefficients, 25-35

Describing functions, motor, acceleration
limiting, 25-30
velocity limiting, 25-30
negative deficiency (types 1 and 2),
25-22, 25-26
Nichols charts, 25-51
Nyquist diagrams, inverted, 25-16
rapidly varying nonlinearities, 25-50
relation to frequency response, 25-51
relay, 25-23, 25-27
saturation, 25-22, 25-24
simplifying complex nonlinearities,
25-34
stability criteria, 25-15, 25-17
theory, 25-14
typical loci (table), 25-19
variable gain, 25-23, 25-29
Design charts, relating open loop {re-
quency response and transient re-
sponse, 22-18
Design procedure, feedback control,
19-12
Detectors, error (table), 20-18
Determinants, 3-08
Difference, sets, 1-03
Difference-differential equations, 9-20
Difference equations, 4-01, 14-70
analysis of sampled data systems,
26-09
difference operator, 4-03
Laplace method, 4-08
rules for particular solutions (table),
4-06
solution of linear, for sampled data
systems, 26-10
Differential equations, 5-01
characteristic equation, 5-05, 5-13
complex Fuchsian type, 7-23
dependent variable missing, 5-09
first order and first degree, 5-02
first order but not of first degree, 5-07
Fourier transforms, 8-16
graphical methods, 5-15
Heaviside operators, 8-05
independent variable missing, 5-09
integral transforms, 8-07
integro, 9-18
isoclines, method of, 5-15
Laplace transforms, 9-1G
linear, 5-04
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Differential equations, numerical meth-
ods, 5-14
operational methods, 5-07, 8-05
ordinary, 5-01, 14-55
partial, 5-20; see also Numerical analy-
sis, differential equations, partial
Picard, method of, 5-14
power series, 5-10
relaxation methods, 5-22
simultaneous, linear, 5-12
Heaviside operators, 8-05
Laplace transforms, 9-14
singular points, 5-16, 7-22
step-by-step integration, 5-14
successive approximations, 5-14
Taylor series solution, 5-10
undetermined coefficients, method of,
5-05
variation of parameters, 5-06
Differential operators, 8-01
Differentiation, numerical, 14-08
pure, 21-31, 21-33
Digital data, transmission, 18-05, 18-21,
18-30
Digital servo system, 26-20
Dimsdale and Clippinger method, 14-60
Dipoles, 23-15
Dirichlet problem, 5-20, 10-10, 14-72,
14-76
Disturbances, see Notse
Division, synthetic, 2-02
Donahue’s analytical procedure, 21-52,
(tables) 21-54, 21-57
Double description theorem, 3-16
Duhamel theorem, 8-06
Duty cycle, 19-18
Dynamic error coefficients, 19-17, 20-71
Dzung criterion, 21-10, 21-72

Echoes, in data transmission, 18-22
Eigenfunctions, expansion theorem, 6-07
Eigenvalue problem, 14-28
Eigenvalues, 3-11, 6-02
integral equations, 6-02
problem, variational interpretation,
6-08
theorems, 6-06
Eigenvector, 3-11, 14-28
Electrical elements (table), 20-08
transfer functions (table), 20-14

Electrical systems, equations, 20-02
Element, 1-01
Encoding, data transmission, 18-07
Enskog, method of, 6-13
Envelope delay distortion, 18-27
tolerance, 18-28
Erlang models, 15-76, 15-78
Error, calculation, 20-74
characteristics, type 0, 1, 2 systems
(table), 20-69
coefficients, 20-70, (table) 20-73
acceleration, 20-71
calculation, 20-74
dynamie, 20-71, 20-74, 20-78, 23-03
position, 20-70
relative usefulness, 20-77
static, 20-70, 23-01
steady-state, 20-72
velocity, 20-70
correctors, (table), 20-26
detectors (table), 20-18
sinusoidal applied, 20-71
Error coefficients, 19-17, 23-12
and control system types, 23-02
and zeros, 23-15
criteria, 19-17
dynamic, 23-03, 23-04
ratio, 19-06
statie, 23-01
Error-correcting codes, 18-11
Error criteria, mean square, 24-15
Error-detecting codes, 18-10
Error functions, 7-26
Euler constant, 7-25
Euler-Mascheroni constant, 7-26
Euler method, 14-57, 14-58, 14-59, 14-67
Evans, W. R., root locus method, 21-46
Existence theorem, 5-02
Extraneous signals, 19-13, 23-09; see also
Notse
Extrapolation formulas (tables), 14-57,
14-58

Factor theorem, 2-02
Farkas lemma, 3-16
Feedback compensation, 25-62 -
d-¢ systems, 23-21
Feedback control, analysis (table), 19-20
computers, 19-20



INDEX 7

Feedback control, basic elements, 19-04
block diagrams, 20-57
common performance specifications
(table), 19-14
computers, 19-20
controller, 19-06
definitions of terms (table), 19-04
design steps, 19-12
optimization, 19-19
performance specifications (table),
19-14
symbols (table), 19-01
symbols alternate (table), 19-11
synthesis methods (table), 19-19
system, 19-06
systems analysis, 20-01
systems types, 20-66
terminology (table), 19-01
Feedback controller, 19-06
Figures of merit, static error coefficients,
23-02
Filters, Butterworth-Thomson, 17-28
transitional, 17-30
continuous, response to sampled data,
26-07
correlation in a derivative, 17-20
design data, 17-31 '
discrete data, 17-22
factorization problem, 17-14
with lag, 17-19
minimum phase condition, 17-11
network, 17-12, 17-14
network synthesis, 17-25
Cauer method, 17-26
optimization, alternates to Wiener
criterion, 17-24
optimum, 17-02, 17-13, 17-19, 24-16
decision theory, 17-24
phase response, of shaping network,
17-10
power spectrum, see Power density
spectrum
prediction, 17-13
example, 17-16
nonlinear, 17-25
time, 17-14, 17-18
realizable network, 17-11
symbols, 17-04
Tchebysheff-Darlington, 17-32
transfer response, amplitude, 17-12

Filters, transfer response, of the optimum,
17-13
First order systems, Laplace transform
pairs (table), 20-34
responses, 20-36
Floyd’s procedure, 22-44
Focal point, 25-38
Fourier, coeflicients, 8-11
cosine, integral, 8-15
series, 8-11
transform, 8-15
integral, 8-09, 8-15
series, 8-10
sine series, 8-11
transform, 8-15
transforms, 8-09, 8-16
convolution, 8-12, 8-16
exponential, 8-16
finite, 8-10, 8-12
inverse, 8-12
properties, 8-16 . [18-23
Fourier transform, data transmission,
Fredholm, integral equation, 6-01, 6-06
Frequency domain, noise, 24-12
Frequency modulation, 18-15
Frequency response, 19-07, 19-20
approximations (table), 22-41
bandpass frequency, 22-03, 22-09
closed loop, 22-03
corner frequency, 22-09
maximum, ratio of output to input,

22-08
maximum amplitude ratio, 22-03
open loop, 22-03 [22-18

and transient response, design charts,
related parameters, 22-08
relation to transient response, 22-01
graphical techniques, 22-43
numerical techniques, 22-43
open loop design charts, 22-18
sampled data systems, 26-17
Samulon method, 22-48
Shannon sampling theorem, 22-48
transient response from, 22-44
from transient response, 22-47
Frequency-sensitive networks, 25-58
Friction, simplified Coulomb, describing
function, 25-31
Fuchsian type differential equation, 7-23

.Functions, 1-06
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Functions, Bessel, 7-24
beta, 7-26
cosine integral, 7-27
delta unit impulse, 8-06, 9-08
error, 7-26
exponential integral, 7-27
gamma, 7-25
Green, 6-04
Hankel, 7-24
incomplete gamma, 7-26
Jacobian elliptic, 7-18
Jacobi theta, 7-20
Legendre, 7-24
logarithmic integral, 7-26
Mathieu, 7-25
propositional, 11-05 °
Reimann zeta, 7-27
scalar product of, 6-05
sine integral, 7-27
transcendental, 7-25

- unit, 8-06, 9-06
Welerstrass, 7-20
Weierstrassian analytic, 7-16
Weierstrass sigma, 7-20
Weierstrass zeta, 7-20
Whittaker, 7-25

QGain, attenuation, 19-07
constant, 21-31, 21-32
crossover, 19-07
-decibel conversion, 21-44, 21-45
intermodulation effect on, 25-06
magnitude, 19-07
margin, 19-07, 19-16, 21-19
Galvanometer, transfer function, 20-14

Games, see Operations research, games

Gamma function, 7-25
incomplete, 7-26

Gauss formula (table), 14-12

Gaussian distribution, 12-16, 12-18
entropy of, 16-43
errors, transmission, 18-06

Gaussian noise, 16-44, 18-18
white, 18-19

Gauss quadrature, 6-11

Gears, backlash, 25-58

Gill method, 14-59

Griffe method, 2-06

Gram Schmidt orthogonalization method,

14-18, 14-27

INDEX

Granularity, describing function, 25-23,
25-28

Graphical solution, determination of
poles and zeros, 23-16

Gray code, 18-07

Green function, 6-04

Guillemin method, 20-79

Gyros, rate, 23-21 ‘

Gyroscope, transfer function, 20-15

Hamilton-Cayley theorem, 3-11-
Hankel function, 7-24
Hartley, 16-08
Hartley method, 14-49, 14-50
Heat cquation, 5-20, 14-70, 14-82
Heaviside calculus, appraisal, 8-07
expansion formula, 9-10
theorem, 8-04 -
operator, 8-01
inverse, 8-02
power series, 8-04
unit function, 8-06, 9-06
step response to, 8-06
Hermitian matrices, 3-14, 14-38, 14-42
Heun formula, 14-58, 14-59, 14-67
Hilbert matrix, 14-14
Holding circuit, 26-07
Homogeneous equation, 20-28
Huffman coding, 16-12
Hurwitz criterion, 21-71
Hurwitz-Routh ecriterion, 2-05
Hydraulic elements (table), 20-08
transfer functions (table), 20-16
Hydraulic networks (table), 23-45
Hysteresis, describing function, 25-22,
25-25

If operation, 12-01
Impedance, complex (table), 20-55
Implication, 11-06
Impulse function, 9-07
Floyd procedure, 22-44
response to, 9-15
Impulse response, optimum, 24-17
Inequalities, linear, theorem, 3-17
system of linear, 3-14
Inertia, rotational systems, 20-02
Information theory, 16-01
amount of information, 16-08
bits and binits, 16-08
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Information theory, channels, 16-06
binary, 16-29
capacity of, 16-24, 16-32, 16-43
coding theorems, 16-26, 16-34
continuous noisy, 16-4t
discrete, 16-06
discrete noiseless, 16-24
discrete noisy, 16-32, 16-26
Gaussian noise, 16-44
codes, 16-04
binary, 16-11
block coding, 16-22
codebooks, 16-04
codewords, 16-13
coding delay, 16-05, 16-38
coding theorems, 16-12; 16-17, 16-26,
16-34
error-free coding, binary erasure
channel, 16-35
error probability, 16-38
Huffman coding, 16-12
minimax coding, 16-17
" parity check, 16-36
pulse-code modulation, 16-40
Shannon-Fano coding, 16-12
transliteration, 16-05
decoders, 16-06
distribution of information, 16-09
entropy, 16-11, 16-43
messages, 16-03, 16-18
minimax coding, 16-17
mutual information, 16-26, 16-28, 16-42
quantization, 16-39
redundancy, 16-24
sampling, 16-39
theorem, 16-40
segmentation, 16-03
self-information, 16-08, 16-20, 16-21,
16-41
sources, 16-03
continuous, 16-39
controlled, 16-12, 16-16
discrete, 16-19
Markov, 16-20
rate of, 16-11, 16-21
simple discrete, 16-08
uncontrolled, 16-16
Szilard-Kraft inequality, 16-13
Integral compensation, saturation, 25-54
Integral equations, 6-01

Integral equations, adjoint, 6-06
approximation methods, 6-10
boundary value problems, 6-03
degenerate kernels, method of, 6-11
cigenvalues, 6-02

theorems, 6-06
Enskog, method of, 6-13
expansion theorem, eigenfunctions, 6-07
kernel, 6-02
Rayleigh-Ritz quotient, 6-09
Ritz-Galerkin method, 6-12
steepest descent, method of, 6-16

Integrals, approximation of, 6-10

Integral transforms, 8-07
convolution, 8-08
inverse, 8-08

Integration, numerical, 14-11
pure, 21-31, 21-33

Integro-differential equations, 9-18

Interpolation, numerical, 14-02

Intersection, sets, 1-03

Invariant, 1-08

Inventory models, 15-21; see also Op-

eralions research, inventory models

Isoclines, method of, 25-41

Jacobian elliptic functions, 7-18
Jacobi method, 14-42) 14-48

Jacobi theta function, 7-20
Jordan-Gauss method, 14-16, 14-27
Jordan normal form, 3-11

Jump resonance, 25-04

Kirchhoff law, 20-05

Laasonen method, 14-84, 14-87

-Lag, see also Phase lag

quadratic, 21-31, 21-36
simple, 21-31, 21-34
Lagrange formula, 14-02
Lagrangian multipliers, 6-13, 15-12, 24-19
modified, 15-13
Lame equation, 7-24
Laplace equation, 5-20, 14-70, 14-77
Laplace method, difference equations,
4-08
Laplace-Stieltjes transform, 8-18
Laplace transforms, 8-17, 9-01, (table)
9-04
asymptotic behavior of, 9-21
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Laplace transforms, convolution, 9-08
differential equation application, 9-10
feedback control, 20-30
inverse, 9-09, (table) 9-12, 20-31
pairs, 20-31, (table) 20-32

first order system (table), 20-34
second order system (table), 20-35

- partial fraction expansion, 20-34

sampled data systems, 26-06, 26-08,
(table) 26-12

two-sided, 8-18

of unit functions, 9-06

and z-transforms, output, 26-15, (table)
26-12

Laplacian operator, 6-03

Laurent expansion, 7-11

Laurent series, 7-10

Lead, see also Phase lead
quadratie, 21-36
simple, 21-31, 21-34

Lead-lag network, 20-16

Least squares, 13-14

Lebesgue integral, 12-09

Legendre, elliptic integrals of, 7-19
equation, 7-23
funection, 7-24
transform, 8-19

Level changes, in data transmission,

18-29
tolerance in digital system, 18-30

Levenberg method, 14-08

Lewis servo, 25-62

Liebmann extrapolated method, 14-73,

14-87
Limit cycles, 5-19, 25-04, 25-38
Linear equations, systems, 14-13; see
" also Numerical analysis, linear
equations, systems of

Linear programming, see Operations re-

search, linear programming

Linear system, 19-07, 21-02

Liouville theorem, 7-08

Load disturbances, 23-09

Load resonance, 25-56

Load sensitivity, 19-15

Log magnitude and phase diagram

(Bode diagram), 19-07

Log magnitude-angle charts, 23-05; see

also Nichols charts

Log magnitude-angle diagram, 19-07

Log magnitude diagrams, 23-01
synthesis, 23-01, 23-08"
transient curve fitting, -23-04

Logarithmic plots, 20-56

Loop gain, 19-07

Loop input, 19-07

Loop ratio, 19-08

Mapping, see Conformal mapping
Markov sources, 16-20
Mathieu equation, 7-25
Matrices, 3-01
adjoint, 3-09
canonical form, 3-10, 3-12
diagonal, 3-11
echelon form, 3-05, 3-06
equivalence, 3-09
Hermitian, 3-14
inverse, 3-07
inversion, 14-13; see also Numerical
analysis, matrix inversion
Jordan normal form, 3-11
orthogonal, 3-13
rank, 3-07
similarity, 3-10
symmetrie, 3-13
Maximum operating conditions, 19-18
Maximum principle, 7-08
Maximum system error, 19-17
Measurement devices, errors (table),
20-18

- Mechanical elements (table), 20-08

transfer functions (table), 20-13
Mechanical-hydraulic networks (table),

23-45, 23-48

Mechanical networks (table), 23-42,
23-48

Mechanical-pneumatic networks (table),
23-46, 23-48

Mesh analysis, nodal and, 20-11
Messages, 16-03

effective number of, 16-18
Milne procedure, 14-58
Minimal polynomial, 11-08
Minimax principle, 15-102
Minimum error criterion, 19-16
Minimum response time systems, 25-63
Models, see Operations research
Modulation, see Data transmisston,

modulation
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Modulators and demodulators, 20-80
Monte Carlo method, 13-17, 15-18, 15-97
Morera theorem, 7-06
Morris escalator method, 14-18, 14-27
Motors, a-c, 23-48
acceleration limiting, describing func-
tion, 25-30
backlash, 25-57
optimum switching technique, 25-64
split drives, 25-58
velocity limiting, describing function,
25-30
Multiloop feedback systems, 23-26
Multiloop systems, 21-28, 21-69
Multiplexing, see Data transmission,
multiplexing
Murray and Brock method, 14-60
Mutual information, 16-26, 16-42
distribution, 16-28

Nat, 16-08
Natural frequency, 20-44
damped, 22-10
undamped, 20-44
Natural period, 20-45
undamped, 20-44 )
Negative deficiency, describing function,
25-22, 25-23
Networks, a-c, bridged-T, 23-49
carrier frequency shift, 23-52
compensation, 23-48
parallel-T, 23-50
tachometers, 23-53
d-c, compensation, 23-18
electric (table), 23-29
hydraulic (table), 2345
mechanical (table), 23-42
minimum phase, 17-12, 17-14, 21-30
pneumatic (table), 23-46
shaping, 17-10
synthesis, see Filters
Neumann problem, 10-10, 14-72
Neumann series, 6-15
Neville procedure, 14-03
Newton difference formulas, 14-08,
(table), 14-09
Newton interpolation formulas, 14-04
Newton law, 20-05
Newton method, 2-04, 15-16
Nichols charts, 21-76, 23-05, 23-24

Nichols charts, multiple, 21-78
use with describing function, 25-51
Nodal and mesh analysis, 20-11
Nodal point, 25-38
Noise, 17-02, 19-13, 24-01
additive, 16-42
autocorrelation of, 17-08
data transmission, types, 18-18
error, high frequency, 23-08
error criteria, 24-15
Gaussian, 18-18
generators, 24-14
impairment of margin, 18-23
influence on error, 18-21
measurement of, 24-06
Rayleigh distribution, 18-20
sampled data systems, 26-25
system response, 24-11
computer methods, 24-13
frequency domain methods, 24-12
time domain methods, 24-11
systems design in the presense of, 24-15
Wiener-Hoft equation, 24-18
Nonlinearities, see also Backlash; Com-
pensation
amplitude sensitive (table), 25-22
common types (table), 25-04
complex (table), 25-30
essential, 25-01
to improve system response, 25-61,
(table) 25-62
intermodulation effect on gain, 25-06
jump resonance, 25-04
limit cycle, 25-04
optimum switching functions (table),
25-65
parasitic, 25-02
rapidly varying, 25-02
simplifying complex, 25-34
slowly varying, 25-02, 25-48
subharmonic generation, 25-05
typical complex (table), 25-30
Nonlinear methods of compensation
(table), 25-62
Nonlinear problem, 14-84
Nonlinear systems, 25-01
common phenomena (table), 25-04
compensation, 25-48, 25-61
relay servomechanisms, 25-52
dynamic effect, 25-02
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Nonlinear systems, jump resonance, 25-04
saturation effects, typical types (table),
25-54
synthesis, 25-03
variable linear, 25-47
Nonlinear systems analysis, see also De-
scribing  functions; Phase plane
analysis
adjoint computing method, 25-48
analytical solutions, 25-43
linearization, 25-07
graphiecal, 25-10
useful algebraic approximations’
(table), 25-09
normalized performance charts, 25-43
perturbation theory, 25-07
piecewise linear, 25-43
stability, ultimate, 25-47
Taylor series, 25-08
typical loci for amplitude sensitive
(table), 25-19
variable linear, 25-47
Nonstatoinary processes, 24-02, 24-18
Normal distribution, 13-05
function (table), 13-18
Norton theorem, 20-11
Not operation, 12-01
Numbers, complex, 7-01
strong law of large, 12-12
table of random, 15-19
weak law of large, 12-07
Numerical analysis, curve fitting, 14-06
Levenberg method, 14-08
dlfferentlal equation, ordinary, 14-55
Adams and Bashforth method, 14-59,
14-63
Brock and Murray method, 14-60
computer storage requirements
(table), 14-63
Dimsdale and Clippinger method,
14-60, 14-63
Euler method, 14-57, 14-58, 14-59
extrapolation formulas (table), 14-57,
(table) 14-58, 14-63
extrapolation of zero grid size, 14-60,
14-63
fourth order method, 14-59, 14-63
Gill method, 14-59, 14-63
Heun formula, 14-58, 14-59, 14-63

Numerical analysis, differential equation,

ordinary, Milne procedure, 14-58
number of operations (table), 14-63
Runge-Kutta method, 14-59, 14-60,

14-63
Simpson rule, 14-58
trapezoidal formula, 14-58

dlfferentlal equation, partial, 14-64
Cauchy method, 14-66
classification, 14-68
" Euler method, 14-67
Heun method, 14-67
replacement by difference equations,

14-70

differential equation, partial elliptic,

14-71
computer storage and time require-

ments, 14-87
Dirichlet problem, 14-72, 14-76
iteration method, 14-72
Laplace equation, 14-77
Liebmann method, 14-73, 14-87
Neumann problem, 14-72
Peaceman and Rachford method,

14-75, 14-87
relaxation method, 14-72
Richardson method, 14-73, 14-87

differential equation, partial hyper-

bolic, 14-77
computer storage requirements,

14-87
explicit method, 14-78, 14-87
implicit method, 14-80, 14-87
roundoff errors, 14-80
triple diagonal systems, 14-81
truncation errors, 14-80, 14-87
von Neumann criterion for conver-

gence, 14-82

differential equation, partial parabohc

14-82, 14-87
computer. storage requirements

(table), 14-87
Crank-Nicholson method, 14-84
explicit method, 14-83, 14-87
implicit equation, 14-84, 14-87
Laasonen method, 14-84, 14-87
truncation error, 14-87

differentiation, 14-08
Newton difference formulas, 14-08,

(table) 14-09
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Numerical analysis, differentiation, Stir-
ling formulas, 14-09, (table) 14-10
eigenvalue problem, 14-28
" adjoint, 14-37
bounds on eigenvalues, 14-44
Cayley-Hamilton theorem, 14-32
computer storage requirements,
14-48 .
eigenvalues of special matrices, 14-43
escalator method, 14-33
Hermitian matrices, 14-38, 14-42
Jacobi method, 1442, 14-48
number of operations for finding
eigenvalues and eigenvectors, 14-48
Sourian-Frame algorithm, 14-29
Sturm sequence, 14-36
triple diagonal method, 14-34, 14-48
integration, 14-11 .
Cote formula (table), 14-11
Gauss formula (table), 14-12
Simpson rule, 14-11
trapezoidal rule, 14-11
interpolation, 14-01
Lagrange formula, 14-02
Neville procedure, 14-03
Newton formula, 14-04
linear equations, systems of, 14-20,
14-27
computer storage requirements, 14-26
conjugate gradient method, 14-21,
14-24, 14-27
Cramer rule,” 14-20
elimination method, 14-20, 14-27
gradient method, 14-23, 14-27
number of operations, 14-26
relaxation method, 14-22, 14-27 -
Seidel method, 14-21, 14-27

13

Numerical analysis, statistical analysis of

experiments, factorial designs, 14-
49, 14-54

Hartley method, 14-49, (tables)
14-50

variance, 14-49, (tables) 14-51, 14-54

Nyquist criterion, 21-09

abbreviated, 21-18
applications, 21-15
conformal mapping, 21-12
diagram, 19-08
sampled data systems, 26-17, 26-19,
26-25
use in system compensation, 23-24,
23-26
disadvantage, 21-28
multiloop systems, 21-28
physical meaning of, 21-11
practical considerations in plotting
diagrams, 21-17
principles, 21-13
rephrased in terms of Bode diagrams,
21-31
use of Bode diagrams in drawing plots,
21-43

Open-closed loop control, 23-54
Open loop, vs. closed loop, 19-12

frequency response, 22-03

poles and zeros from the closed loop,
23-15

response, closed loop respose from,
21-72

roots, relation between closed loop
roots and, 22-15

transfer functions, polar plots of some
common, 21-21

matrix inversion, 14-13, 14-27

digital computer storage require-
ments, 14-26

Gram Schmidt orthogonalization
method, 14-18, 14-27

Jordan-Gauss method, 14-16, 14-27

modified matrix method, 14-19, 14-27

Morris escalator method, 14-18, 14-27

number of operations, 14-26

Operational mathematics, 8-01
Operational research, see Operations re-
search

Operations research, 15-01, 15-04
allocation models, 15-31
bidding problems, 15-100
competitive problems, 15-99
control of the solution, 15-120
dynamic programming, 15-31
partition method, 14-17 effectiveness, measure of, 15-08

statistical analysis of experiments, executive problems, 15-03

14-48 games, 15-99

balanced incomplete ‘blocks, 14-51 four-by-four, 15-113



14 INDEX

Operations research, games, minimax
principle, 15-102
mixed strategy, 15-102, 15-104
one-person, 15-101
rectangular games, theorems, 15-106
single strategy, 15-102
three-by-n, 15-113
three-by-three, 15-111
two-by-n, 15-109
two-by-two, 15-107
two-person, zero-sum, 15-101, 15-102,
15-104
zero-sum, n-person, 15-115
implementation, 15-123
inventory models, 15-21
dynamie, 15-30
elementary, 15-22
multistorage points, 15-30
with price breaks, 15-28
with restrictions, 15-30
.Lagrangian multipliers, 15-12
linear programming, 15-31
assignment problem, 15-73
dual problem, 15-67
games, 15-114
geometric interpretation of, 15-63
short cut, 15-70
simplex method, 15-33, 15-41, 15-65
models, 15-08, 15-10
data reduction, 15-119
sampling, 15-117
solutions, 15-10
testing, 15-115
types, 15-10
Monte Carlo method, 15-18, 15-96
Newton method, 15-16
problem formulation, 15-05
queuing theory, 15-73
random walk problems, 15-18
replacement models, 15-86
items that deteriorate, 15-86
items that fail, 15-89
Monte Carlo method, 15-96
sampling, 15-117
simplex method, 15-33
transportation problem, 15-46
alternate evaluation method, 15-60
alternate optimum programs, 15-54
northwest corner rule, 15-48

Operations research, transportation prob-
lem, solution of maximization
problems, 15-57

variations, 15-58
waiting time models, 15-73
Erlang, 15-76, 15-78
" holding time, 15-78
Lindley, 15-76
multiple channels, 15-82
Poisson input, 15-75
priority discipline, 15-79
sequencing models, 15-83
single channel, 15-77
Operators, difference, 4-03
Heaviside, 8-01
integral, 8-07
power series, 8-04
Optimization, criterion of, 17-13
feedback control, 19-19

Optimum switching, functions (table),

25-65 )
techniques, 25-63, 25-64

Or operation, 11-01, 11-03, 12-01

Oscillation frequency, approximation,
22-42

Oscillations, hard and soft, 25-38

Output transforms for basic sampled:
data systems, 26-15

Overshoots, 19-10, 19-14

first and successive, 23-07

Parallel-T network, 23-50
Parity check, 16-36, 18-10
Peaceman and Rachford method, 14-75,
14-87
Peak overshoot, approximations, 22-41
Performance index, 19-16
sampled data systems, 26-25
Periodic controllers, 26-01, 26-05, 26-25;
see also Sampled data systems
Phase angle, servomechanism scale, 21-36
Phase crossover, 19-08
Phase lag, compensation networks, 23-18
electric (table), 23-34
mechanical - (table), 23-43
pneumatic (table), 23-47
network, 20-16
Phase lag-lead, compensation networks,
23-20 i )
electric (table), 23-38
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Phase lag-lead, mechanical (table), 23-43,
23-44
° pneumatic components, 23-47
Phase lead, compensation networks, 23-18
electric (table), 23-30
feedback, 23-25
mechanical (table), 23-42
pneumatic components (table), 23-46
network, 20-16
Phase margin, 19-08, 19-16, 21-18
at crossover frequency, approximation,
22-43
Phase plane analysis, 5-15, 25-36
construction methods, 25-39
isoclines, method of, 25-41
phase trajectory, 25-36, 25-38
relay servo, 25-40
singular points (table), 25-38
Phase portrait, 25-36
significant characteristics of (table),
25-38
Phase space, 25-39
Physical laws, 20-04
Picard, method of, 5-14
Pneumatic components (table), 23-46
Poisson distributions, 12-16, 13-04
Poisson equation, 14-72, 14-73
Poisson input, 15-75
Polar plots, inverse, 21-20
of some common open loop transfer
functions, 21-21
Poles, closed loop, relation to system
characteristics, 23-11, (table) 23-12
complex, dominant pair, 22-04, 22-07
Pole-zero location, synthesis, 23-11
Polynomials, 2-01
characteristic, 3-11
Power amplifiers (table), 20-24
Power amplifier saturation, 25-54
Power density spectrum, 17-07, 24-04
autocorrelation, 17-07, 17-14
baseband signal, 18-11
cross-correlation, 17-09
phase response, shaping network, 17-10
pulse, 18-12
relation to autocorrelation, 24-06
shaped impulses, 17-09
vestigial sideband transmission, 18-14
Power elements, selection of, 19-13
Power series, 7-08

Preamplifier saturation, 25-54
Prediction, 17-03, 17-16; see also Filters
data transmission, 18-10
discrete data, 17-04
symbols, 17-04
Primary feedback ratio, 19-08
Probability, 12-01; see also Statistics
almost certain, 12-13
averages, 12-07, 12-13
Bernoulli distribution, 13-04
binomial distribution, 12-16, 13-04
central limit theorem, 12-13, 12-18
conditional, 12-03
continuous random process, 12-18
covariance function, 12-18
density, 12-09
distribution functions, 12-04
distribution of sums and averages,
12-13
expectation, 12-09, 13-03
expected value, 12-06, 12-07
independence, 12-04
joint distribution, 12-10
mean, 12-09, 13-03
normal distribution, 12-16, 12-18, 13-05
Poisson distributions, 12-16, 13-04
postulates, 12-01
random variables, 12-04, 13-02
bounded, 12-08
simple, 12-07
sentences, 12-01
stationary process, 12-18
strong law of large numbers, 12-12
theorems, 12-02
variance, 12-11, 12-12, 13-03
weak law of large numbers, 12-07
Pulse code modulation, 16-40, 18-15

Quadratic lag and lead, 21-31, 21-36
Queuing theory, see Operations research,
watting time models

Rachford, Peaceman and, method, 14-75,
14-87

Ramp inputs, first order system, 20-34
second order system, 20-35

Random inputs, see Noise

Random processes, 24-02
stationary, 24-04

Rate action, controller, 26-28
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Rate and lead network feedback, 23-24
Rate feedback compensation, 23-21
Rate gyros, 23-21
inertial navigation, 23-10
Rate network, a-c, 23-49
Rayleigh distribution, of noise, 18-20
Rayleigh-Ritz quotient, 6-09
R-c networks (table), 23-29
Real time, data transmission, 18-04
Redundancy, 16-24
Reflected binary code, 18-07
Regression curve, 13-13
function, 13-14
Relations, 1-05
binary, 1-05, 1-07
equivalence, 1-07
order, 1-09
product of, 1-06 S
Relaxation methods, 5-22, 14-22, 14-27
Relay, describing function, 25-23
Relay servo, compensation, 25-51, 25-52
phase trajectories, 25-40, 25-42 -
piecewise linear, 25-44
Remainder theorem, 2-02
Replacement models, 15-86
Reset, component, integrating, 23-53
divided, 25-58
servo, 23-54
Residues, 7-11
Resolution, 19-18
Response, see Frequency response;
Transtent response
Response time, 19-08
Richardson method, 14-73, 14-87
Riemann mapping theorem, 10-04
surfaces, 7-17
theorem of, 7-12
zeta function, 7-27
Ripple, 18-25
Rise time, 19-08, 19-14, 22-03
approximations, 22-43
Ritz-Galerkin method, 6-12
Rolle theorem, 2-04
Root locus, 19-20, 21-46
angle condition,. 21-47
asymptote, 21-51
common plots, 21-60
compensation, 23-27
construction aids, 21-58
construction theorems, 21-49

Root locus, construction theory, 21-47.

diagram, 19-09

Donahue procedure, 21-52, (tables)’
21-54, 21-57 '

interpretation of results, 21-68

magnitude condition, 21-47

mechanical angle summer, 21-58

multiloop systems, 21-69

practical considerations in drawing,
21-52

procedure, 2148

relative merits, 21-71

sampled data systems, 26-25

Spirule, 21-58

Roots, of chardcteristic equation, ‘and

stability . (table), 20-53
closed loop, iterative process for de-
termining, 22-16
graphical method of determination,
22-16
of polynomials, 2-03, 2-04
Roots of system equations, dynamic
error coefficients and, 20-78
Rotational systems, equations, 20-02
Rouché theorem, 7-15
Routh criterion, 21-05
special cases, 21-07
Routh-Hurwitz criterion, 19-20
Routh-Hurwitz stability criteria, sam-
pled data systems, 26-16
Runge-Kutta method,. 14-59, 14-60, 14-63

Saddle point, 25-38
Sampled data. systems, 26-01
Bode diagrams, 26-25
constant overshoot loci, 26-23
control area, 26-25 :
controllers, comparison of continuous
and, 26-31
dead .time, 26-26
and rate stabilization, 26-28
with delayed rate, 26-29
design procedure, 26-20
digital computer in the controller, 26-03
Laplace transform, 26-06, 26-08
linearity, 26-02
minimum control area, 26-22, 26-26
Nyquist diagram, 26-17, 26-25
operational instruction, 26-21
output transforms (table), 26-15
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Sampled data systems, performance,
charts, 26-25
criteria, 26-20
index, 26-25
regulator, 26-05
root locus, 26-25
smoothing, 26-07
stability criteria, 26-15
frequency response, 26-17
Routh-Hurwitz, 26-16 .
synthesis, 26-20
simple analog system, 26-23
transfer functions, 26-08
variables between sensing -instants, .
26-22 - .
z-transform method, see z-transforms
Samples, 13-02, 13-06, 26-01
analysis of, 26-06
variance, 13-07
Sampling, 16-39
Shannon theorem, 16-40, 24-07
Samulon method, 22-48
error, 22-49
Saturation, compensation, 25-53, (table)
25-54
describing funection, 25-22
in feedback, 25-54
power amplifier, 25-54
preamplifier, 25-54
servomechanisms, relay, 25-51.
typical types of (table), 25-54
Schedule and trim control, 23-54
Schwarz-Christoffel mappings, 10-08
Schwarz  constants, 6-15
inequality, 6-05
Second order systems, equation -coef-
ficients (table), 20-46 . .
parameters (table), 20-44
time responses (table), 20-35, 20-39
Segmentation, 16-03
Seidel method, 14-21, 14-27
Self-information, of a symbol, 16-21
of continuous signals, 16-41
Markov process, 16-20
‘Selsyns, 23-48
Sentences, algebra of, 11-05
probability, 12-01
Series, Fourier, 8-10
Laurent, 7-10
Neumann, 6-15

Series, power, 7-08
Taylor, 7-09
Series networks, a-c compensation, 23-48
Servomechanisms, 19-09
a-c systems, 20-79, 23-48
error coefficients (table), 20-73
error correctors (table),-20-26
error detectors (table), 20-18
power amplifiers (table), 20-24
system type, 20-67; sec also Control
system, types S
Sets, 1-01
binary operations, 1-08
binary relations on, 1-05
Cartesian product, 1-04 -
complement, 1-03
difference, 1-03
empty, 1-03
examples of, 1-01
intersection, 1-03
lattice, 1-09
of points, 1-02, 1-10
power set, 1-03
subsets, 1-02
union, 1-03
Settling time, 19-09, 19-14, 22-03
approximations, 22-41
Shannon-Fano coding, 16-12
Shannon sampling theorem, 22-48, 24-07
Sheffer stroke operation, 11-02, 11-10
Signals, extraneous, see Noise
Signal flow diagrain, 20-57
Signal-to-noise ratio, data transmission,
18-14
Simplex technique, linear programming,
15-33
minimization problems, 15-45
Simpson rule, 6-11, 14-11, 14-58
sin z/z values (table), 22-52
Singular points, 5-16, 7-22
Singularities, 7-11
Sinusoidal driving function, 20-54
Smoothing, 17-01; see also Filters
and decoding, data transmission, 18-08
noise, 17-02
symbols, 17-04
Wiener theory, 17-02, 17-13
Sources of information, see Information
theory, sources
Souriau-Frame algorithm, 14-29
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Spectrum, autocorrelation and cross-cor-

relation, see Power density spec-
trum
Spirule, 21-58, 22-16
Spring loaded gears, 25-58
Stability, 19-09, 21-01
absolute, 20-29
Bode diagrams, see Bode diagrams
boundary theory, 21-72
classical approach, 21-02, 21-04
conditional, 21-19
contours of constant M and e, 21-73
criteria, z-transforms, 26-15
degree of, 23-06
describing function, 25-15
Dzung criterion, 21-10, 21-72
gain margin, 21-19
Hurwitz criterion, 21-71
inverse polar plots, 21-20
margin, 21-72
multiloop systems, 21-28
Nichols charts, 21-76
Nyquist criterion, see Nyquist criterion
phase margin, 21-18
relation to characteristic equation,
21-03
relation to roots of characteristic equa-
tion (table), 20-53
root locus method, see Root locus
Routh criterion, see Routh criterion
sampled data systems, 26-15
unconditional, 21-19
unstable system, 21-01
Wall criterion, 21-72
Stabilization, by internal feedback, 23-16
Stabilization networks, for d-c compensa-
' tion (table), 23-29
Stabilizing networks, transfer functions
(table), 20-15
Standard deviation, 12-12, 13-03
Static accuracy, 20-70
Static error coefficient, 19-17, 20-70
Stationary processes, 24-02, 24-15
Statistics, 13-01; see also Probability
analysis of experiments, see Numeri-
cal analysis, statistical analysis of
experiments
Bernoulli distribution, 13-04
binomial distribution, 13-04
bivariate distributions, 13-13

Statistics, computation, 13-08, (table)
13-09
confidence intervals, 13-10, 13-12, 13-15
curve fitting by least square, 13-14
distribution of sample moments, 13-09
expectation, 13-03
goodness of fit, 13-16
hypothesis testing, 13-10
maximum likelihood, method of, 1316
mean, 13-03
mean deviation from the mean, 13-04
median, 13-04
midrange, 13-04
mode, 13-04
moments, 13-03 .
Monte Carlo method, 13-17
normal distribution, 12-16, 13-05,
(table) 13-18
Poisson distribution, 13-04
probable error, 13-04
random variables, 13-02
regression curve, 13-13
relation to probability, 13-01
sample space, 13-02
sequential analysis, 13-16
standard deviation, 13-03
student ¢ distribution, 13-06, (table)
13-20
unbiased estimate, 13-07
variance, 13-03, 13-07
X2 distribution, 13-05, (table) 13-19
Steady state, data for evaluating transfer
functions, 20-23
equation terms (table), 20-55
errors (table), 20-71, 20-72
quasi-static assumption, 20-23
response, 20-01, 20-55
solution, 20-54
Steady-state condition, 21-11
Steady-state error, 19-09, 19-14
coefficient, 19-17
Step function, 9-07
design charts, comparison of frequency
response and transient response,
22-21
time responses (table), 20-48
Step input, first order system, 20-34
second order system, 20-35
Stieltjes integral, 12-09
Stirling formula, 14-09, (table) 14-10
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Stirling numbers of the second kind, 4-07
Stone, representation of Boolean algebra,
11-9
theorem, 11-10
Student ¢ distribution, 13-06
Sturm sequence, 14-36
Sturm theorem, 2-04
Subharmonic generation, 25-05
Summing points, 20-61
Superposition, 20-10, 21-02
principle, 5-06, 8-06
Suppressed carrier system, 20-82
Symboals, alternate, 19-11 ‘
feedback control, 19-01
smoothing and filtering, 17-04
Synthesis, 20-03
controller, 19-13
dominant pair of complex conjugate
poles, 23-11
Guillemin method, 20-79
log magnitude diagrams, 23-01, 23-08
network, see Filters
Nyquist diagram, 23-27
pole-zero location technique, 23-11
root locus, 23-28
selection of methods, 19-19
System analysis, see Control systems
System characteristics, additional poles
and zeros, 23-13
relation to closed loop poles, 23-12
two complex conjugate poles, 23-12
System response to noise, 24-11
System stability, see Stability
Systems, physical (table), 20-02
physical laws, 20-04
Szilard-Kraft inequality, 16-13

Tachometers, 23-21, 23-25

a-c, 23-48
Tandem compensation, 25-62
Taylor series, 7-09

differential equation solution, 5-10
Tchebysheff-Darlington, filters, 17-32
Tchebysheff inequality, 12-12
Temple quotients, 6-15
Terminology, feedback control, 19-01
Thevenin theorem, 20-10
Thomson, Butterworth-, filters, 17-28
Time constant, 19-09

equivalent, approximation, 22-42

Time constant, for second order system,
20-45
Time delay, pure, 21-39
Time domain, noise, 24-11
Time to first peak, 22-02, 22-06
Time parameter ratio, 20-45
Time to peak, 22-10
approximation, 22-41
Time response, approximate, 22-04
approximations, 22-41
convolution integral, 20-53
first order system, 20-36
second order system, 20-35, 20-39
transient modes (table), 20-48
Time sequence, quasi-stationary, 17-02
stationary, 17-02
Time series, nonstationary, optimum
filter design, 17-24
Total overshoot, 19-10
Transfer function, 9-10, 9-19, 19-10,
(tables) 20-12, 20-13, 20-14, 20-16
in data transmission, 18-23
d-¢ motor, 25-57
electrical elements (table), 20-14
experimental evaluation, 20-23
hydraulic elements, 20-16
mechanical elements (table), 20-13
polar plots of some common open
loop, 21-21
root locus plots of common, 21-60
sampled data systems, 26-08
typical, 20-12
Transfer locus, 19-10
Transfer response, amplitude,” 17-12
filters, 17-26
of the optimum filter, 17-13
Transformations, inverse, 3-07
linear, 3-03
rank, 3-03, 3-07
Transformers, stabilizing, 23-21
Transient error, 19-10
Transient overshoot, 19-10, 19-14
Transient response, 19-08, 20-01
approximations (table), 22-41
coefficients of terms, 22-12
data for evaluating transfer functions,
20-23
delay time, 22-03
cffect of poles and zeros, 22-09
effect of significant real poles, 22-11
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Transient - response, Floyd’s
22-44
frequency response from, 22-47
from frequency response, 22-44
and open loop frequency response, de-
sign charts, 22-18
parameters, 22-02
relation to frequency response, 22-01
graphical techniques, 22-43
numerical techniques, 22-43
~ open loop design charts, 22-18
rise time, 22-03
settling time, 22-03, 22-10

procedure,

sin x/z (table), 22-52 N
time to the first peak, 22-02, 22-06,
22-10

unit step input, 22-09
Transients, input signals, 23-04
oscillatory, 20-50
time responses (table), 20-48
Translation systems, equations, 20-02,
(table) 20-08
Transmission, of data, see Data trans-
mission
Transportation problem, see Operations
research, transportation problem
Trapezoidal formula, 14-11, 14-58
Trapezoidal rule, 6-11

Ultimately controlled variable, 19-10,

Union, sets, 1-03

Unit funection, 8-06, 9-06

Unit impulse, first order system, 20-34
second order system, 20-35

Unit impulse function, 8-06, 9-08
response to,. 9-20

Unstable system, 21-01 .

Valve-pistons, transfer function, 20-16
Variable gain, describing function, 25-23
Variance, 12-11, 13-03

Variance, analysis of, 14-49, 14-54
Vector, components, 3-04
convexity, 3-15
coordinates, 3-04
half-space, 3-14
space, 3-01
subspace, 3-02
Vibrating 'string, §-21, 14-70, 14-77
Volterra integral equation, 6-02, 6-15
von Neumann criterion for convergence,
14-82
Waiting time models, see Operations re-
search, waiting time models
Wall criterion, 21-72
Wave equation, 5-20, 6-03
Weierstrass, and Casorati, theorem of,
7-12
®-function, 7-20
sigma function, 7-20
zeta function, 7-20
Weierstrassian analytic function, 7-16
Weighting function, 9-19
Whittaker function, 7-25
Wiener-Hoft equation, 24-18
Wiener theory of filtering, 17-02, 17-13
Wronskian determinant, 5-07
Wye-delta transformation, 20-10

Zeros, 7-11 -
effect on bandwidth, 23-15
effect on error coefficients, 23-15
z-transforms, 26-11, (table) 26-12
block diagram algebra, 26-13
closed loop, 26-24 - )
design procedure, 26-20
hidden oscillations, 26-11
inverse, 26-13
Laplace and (table), 26-12
output (table), 26-15
stability criteria, 26-15



